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Modeling the interaction between the soil and the structural foundation is a major 
concern in many engineering applications. The soil foundations very often represent a 
complex medium and therefore it is extremely difficult to obtain analytical-based 
solutions for this interaction. The problem becomes more difficult if the structure is 
undergoing large deformation. Numerical methods are powerful alternative tools to solve 
such complicated problems. There are two main categories of these methods: element-
based methods such as the finite element (FEM) and the boundary element (BEM) and 
element free-based or mesh-less methods like radial basis functions (RBF). The FEM and 
BEM have been studied extensively so far, whereas the RBF still needs to be investigated 
for the use in various engineering application areas. 
Free-element or free-mesh methods are advantageous for problems that require 
frequent re-meshing such as those arising in non-linear analysis. In this work, the use of 
multi-quadratic radial basis function (MQ-RBF) is proposed to solve the problem of large 
deflection of thin elastic plates resting on nonlinear foundations. The study covers several 
variables, including the plate shape, the loading type, the boundary conditions, the 
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foundation type and the foundation parameter. Two types of foundation models (discrete 
and continuous) are adopted. The discrete foundation model consists of Winkler, non-
linear Winkler, Pasternak and non-linear Winkler-Pasternak model whereas the 
Boussinesq model is used to represent interaction of the plate with the continuous 
foundation.  
WALFRAM MATHEMATICA software was utilized for the development of the 
computer codes. The accuracy and efficiency of the method is demonstrated by 
comparing the obtained solution with readily available and corresponding numerical 
solutions. From the comparison, the obtained results from MQ-RBF method are close to 
the ones obtained from FEM. As a main conclusion, the proposed meshless-based method 
(MQ-RBF) can be utilized as a good alternative numerical method for the element based 
numerical methods such as FEM and BEM in the solution of the large deflection of thin 
elastic plates on nonlinear foundations. The developed computer codes have been utilized 
to generate correlations between discrete and continuous foundation parameters. The 
obtained correlations of the foundation parameters have been verified through several 
examples which revealed that the Pasternak and non-linear Winkler-Pasternak discrete 
models are the most in agreement with the continuous foundation model. 
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رشثخ الأسبسبد .  يظذس لهك كجٛش فٙ انؼذٚذ يٍ انزطجٛمبد انُٓذسٛخالإَشبئًَٙزخخ انزفبػم ثٍٛ انزشثخ ٔالأسبط رؼزجش 
 انزسهٛهٛخ راد انطجٛؼّ يؼمذح، ٔثبنزبنٙ فئَّ يٍ انظؼت نهغبٚخ انسظٕل ػهٗ انسهٕل أٔسبطفٙ كثٛش يٍ الأزٛبٌ رًثم 
 رؼزجش,  ٔػهّٛ.ٚسظم نٓب إَسشاف كجٛش أنٕاذ الأسبسبدرظجر انًشكهخ أكثش طؼٕثخ إرا كبَذ ٔ  ْزا.نٓزا انزفبػم
ٕٚخذ َٕػٍٛ سئٛسٍٛٛ يٍ ْزِ  أفضم طشق انسم انًسزخذيّ نسم يثم ْزِ انًسبئم انًؼمذِ زٛثانطشق انؼذدٚخ 
 ٔكزنك انؼُبطش ) MEF (انؼُبطش انًزُبْٛخ انظغش انًسذٔدِ ػهٗ انطشق انزٙ رؼزًذ انُٕع الأٔل ْٙ: انطشق ًْب
 انشجكّ أثذٌٔ انؼُبطش خبنٛخالانطشق انُٕع انثبَٙ ْٙ ٔ )MEB (انًزُبْٛخ انظغش ػهٗ الاطشاف أ انسذٔد
  ).FBR(انذانّ لطشٚخ الأسبط  يثم انًزُبْٛخ انظغش
فٙ زٍٛ لذ رى دساسزٓى ثشكم يكثف يُز صيٍ ثؼٛذ ززٗ انٕٛو   )MEB ٔMEF (انُٕع الأٔل يٍ انطشق انًسزخذيّ 
 .٘حسزخذايٓب فٙ يخزهف يدبلاد انزطجٛك انُٓذطلإ انذساسّ ٔانفسض لا رضال ثسبخخ إنٗ ) FBR( انُٕع انثبَٙ أٌ
 اػبدح ركٍٕٚ انشجكّ يثم  انزٙ رزطهتنهًسبئم  ٔخٛذِ يفٛذحرؼزجششجكخ الخبنٛخ يٍ ال أٔ انؼُبطشخبنٛخ يٍ انطشق ال
.  ِغٛش خطٙإٔنئك انلارٙ ٚظٓشٌ فٙ زبنخ انزسهٛلاد ال
نسم يشكهخ  )FBR-QM( يٍ انذسخخ انثبَٛخ حيزؼذدانذانّ لطشٚخ الأسبط السزخذاو  رى إلزشاذ إ،انذساسّ ِفٙ ْز
 انذساسخ انؼذٚذ زٛث لذ شًهذ. الإَسشاف انكجٛش لأنٕاذ الأسبسبد انشلٛمّ انًشَّ انًسزُذِ ػهٗ اسبسبد غٛش خطّٛ
  vixx
 
إَاع ، َٕع انزسًٛم , طشق رثجٛذ أنٕاذ الأسبسبد يٍ الأطشاف ، أنٕاذ الاسبسبديٍ انًزغٛشاد، ثًب فٙ رنك شكم 
 رى اػزجبس َٕػٍٛ سئٛسٍٛٛ يٍ ًَبرج الأسبسبد ًْٔب انًُفظم أ .الأسبسبد انًخزهفّ ٔكزنك يؼبيلاد الأسبسبد
انغٛش خطٙ ٔ  relkniW ,relkniW :انًُٕرج انًزمطغ ٚزكٌٕ يٍ اسثؼّ ًَبرج ْٙ . انًزمطغ ٔانًزظم أ انًسزًش
 انزفبػم   فٙ رًثٛم qsenissuoBثًُٛب رى اسزخذاو ًَٕرج ,   انغٛش خطٙ kanretsaP-relkniW ٔ  kanretsaP
 .ثٍٛ نٕذ الأسبط ٔالأسبط انًزظم
لإػذاد شفشاد   )ACITAMEHTAM MARFLAW( انشٚبضٛبدانخبص ثًسبئم انجشَبيح ْزا ٔلذ رى اسزخذاو 
 ٔنهزأكذ يٍ دلخ انشفشاد انهٕغبسٚزًّٛ .نٕغبسٚزًّٛ نزُفٛز انسم انًمزشذ نٓزِ انًسبئم ثئسزخذاو انسبسٕة اٜنٙ 
ثبنُزبئح انًشبثّٓ ٔانزٙ رى انسظٕل ػهٛٓب يٍ انُٕع الأل  ٔانطشٚمّ انًمزشزّ فٙ ْزِ انذساسّ فمذ رى يمبسَخ انُزبئح
زٛث أظٓشد انًمبسَّ يذٖ  )MEF(نهطشق انؼذدّٚ انزٙ رى ركشْب سبثمب ْٔٙ طشٚمخ انؼُبطش انًزُبْٛخ انظغش 
رمبسة انُزبئح ثجؼضٓب يًب ٚؤكذ ػهٗ اٌ انطشٚمّ انًمزشزّ ُْب ًٚكٍ اسزخذايٓب كجذٚم خٛذ نهـُٕع ألأٔل يٍ انطشق 
ْزا ٔرى اسزخذاو انشفشاد .  يٍ زٛث انسٕٓنّ فٙ انزُفٛز ٔكزنك انذلّ فٙ انُزبئح )MEF,MEB(انؼذدّٚ يثم 
انهٕغبسٚزًّٛ انًسممّ فٙ إٚدبد ػلالبد ثٍٛ يؼبيلاد ًَبرج الأسبسبد انًزمطؼّ ٔانًزظهّ زٛث رى انزسمك يٍ ْزِ 
ًْب الأكثش   انغٛش خطٙ kanretsaP-relkniW ٔ  kanretsaPانؼلالبد ػٍ طشٚك انكثٛش يٍ الايثهّ ٔثجذ اٌ 
  .ارفبلب يغ الأسبط انًزظم
 
 درجة الدكتوراة  في الفلسفه في الهندسه المدنيه
 جامعة الملك فهد للبترول والمعادن





1.1 General  
The problem of interaction between structural foundations and supporting soil is 
of fundamental importance in foundation design and therefore, it has attracted the 
attention of many researchers and engineers. The interaction is often represented by the 
classical problem of plate on elastic foundation. The main difficulty in the modeling of a 
plate on an elastic foundation is the determination of the contact pressure. The problem 
becomes more difficult if the plate is undergoing large deformation. The governing 
equations become coupled and nonlinear. Furthermore, the layer of soil in contact with 
the plate behaves nonlinearly. The available analytical methods are based on simplified 
assumptions and are limited to simple loading and boundary conditions. For such 
complicated problems, numerical methods offer convenient and reliable solutions. 
The ideal numerical method for the solution of nonlinear partial differential 
equations (PDEs) such as the one considered here should be high-order accurate, flexible 
with respect to the geometry, computationally efficient, and easy to implement. The 
conventional numerical methods that are commonly used usually fulfill one or two of 
these criteria, but not all. Finite difference methods (FDM), finite element methods 
(FEM) and boundary element methods (BEM) have been the dominating methods for the 
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numerical solution of PDEs. Referring to the most dominant approach, i.e. FEM, it is 
highly flexible, but it is hard to achieve high-order accuracy and both coding and mesh 
generation become increasingly difficult as the problem dimension increases. The use of 
a mesh implies that specific procedures have to be devised just to define the mesh. Also, 
and to keep the order of the local approximation within reasonable limits, the element 
size has to be reduced, whenever better approximations are pursued. The extraordinary 
amount of work, which has been put into FEM research, has circumvented these and 
other problems associated with the existence of a mesh and made FEM the dominant 
approach for most problems in computational mechanics. Accordingly, many 
sophisticated powerful codes (e.g. ANSYS, ABACUS, COMSOL, etc.) have been 
established and have proven to be reliable in solving almost any computational 
mechanics problem.  
FDM can be made high-order accurate in resolving PDEs, but require a structured 
grid (or a collection of structured grids), which makes it difficult to model features of 
irregular domain. Furthermore, solutions of PDEs using FDM can be derived from the 
assumptions of the local interpolation schemes and require a mesh to support the 
localized approximations, however, the construction of a mesh in two or more 
dimensions is a non-trivial problem. In recent years, BEM has become a powerful 
alternative to FEM and FDM, especially for problems involving high gradients and stress 
concentrations. It has been successfully applied to solve the problems of large deflection 
of thin elastic plates. However, this was possible by devising some techniques to 
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overcome the inherent deficiency of BEM as a self-standing numerical method in 
handling nonlinearities. 
Nevertheless, the possibility of obtaining numerical solutions for PDFs without 
resorting to element frame, that is mesh-less technique, has been the goal of many 
researchers throughout the computational mechanics community for the past two 
decades. Radial Basis Function (RBF)-based collocation method, as one of the most 
recently developed numerical techniques, so-called mesh free or meshless methods, has 
attracted attention in recent years especially in the area of computational mechanics. This 
method does not require mesh generation which makes them advantageous for 3-D 
problems as well as problems that require frequent re-meshing such as those arising in 
nonlinear analysis. Due to its simplicity to implement, it represents an attractive 
alternative to FEM, FDM and BEM as a solution method of nonlinear PDEs. However, it 
is only recently that the RBFs have been used to approximate solutions to PDEs and 
therefore this area is still relatively unexplored. In this work, RBF-based meshless model, 
multi-quadratic RBF (MQ-RBF), is developed for the solution of large deflection of thin 
elastic plates resting on nonlinear foundations. The study covers several variables, 
including the plate shape, the boundary condition and the foundation type and parameter. 
Two types of foundation models (discrete and continuous) are adopted. The 
discrete foundation model consists of Winkler, non-linear Winkler, Pasternak and non-




WALFRAM MATHEMATICA software has been utilized for the development of 
the computer codes. The accuracy and efficiency of the method has been demonstrated by 
comparing the obtained solution with FEM solution. From the comparison, the obtained 
results by MQ-RBF method are close to the ones obtained by FEM. As a main 
conclusion, the proposed meshless-based method (MQ-RBF) can be utilized as a good 
alternative numerical method to the element based numerical methods such as FEM and 
BEM for the solution of large deflection of thin elastic plates on nonlinear foundations. 
The developed computer codes have been utilized to generate correlations between 
discrete and continuous foundation parameters. The obtained correlations of the 
foundation parameters are verified through several examples which revealed that 
Pasternak and non-linear Winkler-Pasternak discrete models are the most in agreement 
with the continuous foundation. 
  
5 
1.2 Problem Statement 
The nonlinear behavior of a thin elastic plate undergoing large deflection is 
governed by the well known von Karman equations [Timoshenko and Kreiger, 1959]: 
∇4F = NLW                                                                                                                                   (1.1) 
∇4w = NLWF +
𝑞
𝐷
                                                                                                                      (1.2) 

































                                1.4  
Where; w is the lateral deflection, F is a stress function, q is the distributed load, t 
is the plate thickness, D =
Et3
12(1−υ2)
 is the flexural rigidity of the plate and E and υ are 
Young’s modulus and Poisson’s ratio of the plate. The above equations along with the 
given lateral boundary conditions can be used to obtain the solution for the case of 
movable edges. 
In the case of immovable edges, the large deflection of the plates should be 
expressed in terms of the three displacements u, v, and w. The details of the resulted 
equations are given in Naffa and Al-Gahtani (2006). For convenience, the final equations 
are presented here: 
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L11 u + L12 v = NL1 w                                                                                                       (1.5) 




+ NL3 u, v, w                                                                                                             (1.7) 
Where, 
L11 =
2 ∂xx + (1 − υ) ∂yy
2(1 − υ2)




                                                                                                                            (1.9) 
L22 =
2 ∂yy + (1 − υ) ∂xx
2(1 − υ2)
                                                                                                      (1.10) 
NL1 w = −
(1 + υ)wxy wy + wx(2wxx +  1 − υ wyy )
2(1 − υ2)
                                               (1.11) 
NL2 w = −
(1 + υ)wxy wx + wy (2wyy +  1 − υ wxx )
2(1 − υ2)
                                               (1.12) 
NL3 u, v, w 
=
Etwxy
D 1 + υ 
 uy + vx + wxwy + 
Etwxx
2D 1 − υ2 
 2 ux + wx




2D 1 − υ2 
 2 vy + wy
2  + υ 2ux + wx
2                                                         (1.13) 
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Where; the subscripts indicate derivatives with the respective coordinates. The 
reaction at the plate-foundation interface can be accounted for by adding the following 
terms to the plate load:  
−kw − k1w
3 + gp∇
2w                                                                                                           (1.14) 
Where: k is the Winkler foundation stiffness, k1 is the nonlinear Winkler 
foundation modulus, and gp is the interaction parameter due to shear action among the 
spring elements. The above approach of modeling the plate-foundation interface suffers 
from the drawback that the parameters are difficult to determine. To overcome this 
difficulty, the foundation (soil) can be modeled as continuous elastic continua. The 
results of the continuum model can then be used to estimate the above three parameters 
for a given soil type. The solution of the above coupled and highly nonlinear equations 
will be attempted by the use of RBF method as mentioned earlier. In general, RBF-based 
collocation method expands the solution of a problem in terms of radial basis functions 
and chooses expansion coefficients such that the governing equations and boundary 
conditions are satisfied at some selected domain and boundary points.  However, one of 
the most challenging issues in applying this technique is the determination of the proper 
form of radial basis function for a given differential equation. Once the RBF function is 
selected, its shape factor needs to be optimized for the considered problem. Another 
challenging issue is related to the enforcement of zero shears on the free boundary of the 
plate. In large deflection, analysis, the shear force is a highly nonlinear function of the 





12 −1 + ν2 
 −nx
3t2wxyy  −1 + υ + nx
2nyt
2 2wxxy − wyyy   −1 + ν 
+ ny t
2wxxy + ny
2t2wxxy − 12vywy − 6wx
2wy − 6wy
3 + t2wyyy
+ 6uywx −1 + υ + 6vxwx −1 + υ − ny
2t2wxxy υ − 12uxwyυ 
+ nx  −12uxwx − 6wx
3 + t2wxxx + ny
2t2wxxx + t
2wxyy − 2ny
2t2wxyy − 6uy wy
− 6vx wy − ny
2t2wxxx υ + 2ny
2t2wxyy υ + 6uywyυ + 6vxwyυ
− 6wx wy
2 + 2vyυ                                                                                                  1.15  
Where; w, u and v are the components of displacements; nx and ny are the 
components of the unit normal to the boundary and the subscripts indicate derivatives 
with the respective coordinates.  
1.3 Motivation and Objectives 
From the reviewed literature, it can be concluded that there is still a gap in the 
available solutions for the large deflection of plates on nonlinear foundations. Most of 
these solutions are limited to simplified foundation models and/or boundary conditions. 
In particular, the important case of plates with free edges has not been addressed by 
almost all of the surveyed literature. In addition, the interaction between the plate and the 
foundation was not covered in a comprehensive way to include all foundation models.  
The main objective of this study is to develop a meshless method for the analysis 
of large deflection of thin elastic plates on non-linear foundation with general geometries, 
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boundary conditions and foundation parameters. The model is based on the method of 
collocation with RBFs. The specific objectives are to: 
1. Develop a meshless model for the large deflection of thin elastic plates using 
collocation method with multi-quadric radial basis functions (MQ-RBF). 
2. Extend the model to account for the plate-foundation interface employing 
Winkler, nonlinear Winkler, Pasternak, non-linear Winkler Pasternak and 
continuous models. 
3. Implement the developed models into computer codes using MATHEMATICA 
software. 
4. Verify the accuracy of the developed codes by comparing the obtained solution 
with readily available analytical or numerical solutions for practical cases.  
5. Utilize the computer codes in carrying out a detailed parametric investigation to 
compare various models in terms of their capabilities in modeling the plate-
foundation behavior. 
1.4 Outline of the Dissertation 
The dissertation consists of eleven chapters. Chapter 1contains the introduction of 
the dissertation describes the problem, and states the objectives. Chapter 2 gives a 
comprehensive literature review on the topics relevant to the subject of the work. The 
review includes: available analytical and numerical solutions for the analysis of plates, 
plates resting on soil and undergoing large deflection; introduction of RBF, its 
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development and its application; soil foundation models. Chapter 3 contains the 
derivations of the governing differential equations for the large deflection of the thin 
plates (immovable and movable) in both dimensional and non-dimensional forms. The 
formulations of the supporting soil reaction are covered in this chapter. Chapter 4 
describes the proposed multi-quadric RBF (MQ-RBF) method formulations and its 
application to the current problem. The chapter also contains the computer algorithms for 
the implementing the RBF formulations into Mathematica.  
In Chapter 5, the optimization of the shape variable c of the proposed multi-
quadric radial basis function method (MQ-RBF) is conducted. The optimization includes 
the plates with and without foundation. The developed Mathematica codes are verified in 
Chapters 6, 7, and 8 for the cases of plates without foundation, with discrete foundation 
models and with continuous foundation model, respectively. 
Chapter 9 contains the development of relationships between the discrete 
foundation models parameters and the continuous model parameters. In Chapter 10,  a 
real practical example, mainly bottom plates of large storage tank, has been analyzed  and 
verified by comparing the results obtained from the continuous foundation model and the 
corresponding discrete foundation models based on the developed relationships. Finally, 








The results of the literature survey on the available analytical and numerical 
methods for the analysis of large deflection of plates on foundations along with the 
available foundation models describing their interactions are summarized below. 
2.1 General 
For large deflection of thin isotropic plates, some approximate analytical solutions 
have been proposed in [Timoshenko & Woinowsky–Krieger, 1959]. Under different of 
support conditions, the deflections of rectangular plates were evaluated using mainly the 
equilibrium approach which involves the direct integration of the governing differential 
equations. The equilibrium approach was employed by assuming shape functions (the 
most challenging part to be in satisfactory shape in such approach) by Ye (1994), Little 
(1999), Ramachandra and Roy (2001), Wang et al (2002), and Wang & El-Sheikh, 
(2005). 
The analytical solution methods are limited to cases involving simple plate 
geometries, boundary and supporting conditions. As a result of the huge development in 
the computing facilities (hardware and software), the researchers have directed their 
attentions to solve more complicated problems using the numerical methods which are 
summarized as: 1) Finite Difference Methods, 2) Gridwork Methods, 3) Finite Element 
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Methods (FEM), 4) Finite Strip methods, 5) Boundary Element Methods, and 6) 
Meshfree or Meshless Methods. 
The finite difference method (FDM) is the oldest one and it is still valuable 
especially for plate problems. It is based on discretizing mathematically the plate 
continuum.  The boundary conditions and the governing partial differential equations of 
the plate are expressed by corresponding finite difference proportion at each point in the 
mesh. After that, the whole resulted equations are solved as algebraic equations together. 
Such method gives accurate solution when the discretization is small. More details about 
FDM can be found in Forsyth and Wasow (1960), Hildebrand (1968), Ames (1977), Levy 
and Lessman,(1992), Papakaliatakis and Simos (1997), and Szilard (2004). 
The second method is the grid-work method (GWM) which is a very good 
method for surface structures such as shells and plates. In this method, the plate 
continuum is replaced by an equivalent grid-work of beams. It is based on the physical 
discretization which needs to find the bending and torsional stiffness of these beams. It 
can be determined by strain energy of the plate and its replaced system or by stress 
conditions between the continuum and its grid-work beams. For the solution of the 
replaced system (grid-work beams), the matrix displacement method of the 3D framed 
structure is used. More information and details can be found in Hrennikoff (1941), 
Benard (1965), Salonew (1969), Yettram and Hussain (1971), Avram (1993), and Szilard 
(2004). 
The most commonly used numerical method for solving the structural-mechanical 
problems is the finite element method (FEM). It follows the physical discretization by 
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dividing the continuum into elements called finite elements connected to each other by 
nodes in two or three dimensional structure. The FEM has numerous kinds that are used 
to analyze the plate problems. The most common types are: (1) displacement-based FEM, 
(2) hybrid FEM, and (3) equilibrium-based FEM. 
Among the three FEM’s types, the displacement-based FEM is used in 
engineering fields frequently because it is the most natural. In FEM, the properties of the 
load deformations of each element should be known in order to get the load deflection 
behavior of the structure by assembling the whole elements. In general, the analysis of 
the plate using FEM goes through the following steps: discretization of the plate, 
formulation of the element stiffness matrix, assembly all elements, applying the boundary 
conditions (prescribed boundary), the equations matrix of the displacement is then 
solved, and then evaluation of the results. It should be noted that the shape function 
which describes the displacement state must be chosen during the stiffness matrix 
formulation Szilard (2004). 
As the matrix displacement is easy to be programmed and used in the computer 
applications, lots of programs and subroutines are available everywhere. Several types of 
commercial software are available like ADINA, ANSYS, ASKA, COMSOL, ABAQUS, 
etc. Examples of the research involving the application of FEM to the large deflection of 
plates can be found in the following references: Zienkiewicz (1965), Dhatt et al. (1969), 
Kawai and Yoshima (1969), Kikuchi (1975), Zienkiewicz (1978), Batoz et al. (1980),  
Batoz (1982), Batoz and Tahar (1982), Dhatt et al. (1986), Voyiadjis and Pecquet 
(1987),Jianqiao (1994),Soh et al. (1996), Turvey and Salehi (1997 and 1998), Amdahl 
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and Byklum (2002), Xue et al.(2003), Luo and Mote (2003), Yoo et al.(2004), Duan and 
Mahendran (2004), and Szilard (2004). 
The fourth numerical method is the finite strip method (FSM) which is known as 
a particular case of FEM. It reduces the number of needed equations for the solution 
because it divides the plate into little number of strip divisions. Initially, it was used only 
for simply supported plate and then has been improved to cover other boundary condition 
in the longitudinal direction. Recently, it has been modified to handle stability and 
analysis of thin and moderately thick plates Szilard (2004).  
The fifth numerical method is the boundary element method (BEM). The main 
difference between the BEM and both FDM and FEM is the discretization aspect. BEM 
is classified into two main different types: indirect and direct boundary element methods. 
The direct BEM deals with the clear meaningful physical variables in the formulation 
which makes it more reliable and meaningful while the indirect one uses singularities 
distribution over the body boundary and calculates this distribution by getting the 
solution of integral equation. Accordingly, the direct BEM is the most preferable and 
useful in the engineering fields.  
To convert the governing differential equations of the plate into integral equations 
on the boundary, the Galerkin’s variational approach is used. The resulted integral 
equations are then discretized by employing the field equation fundamental solutions to 
generate a certain number of elements on the boundary of the plate. The created elements 
have unknown variables which must be determined through the analysis. To accomplish 
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the analysis by the BEM, the prescribed boundary conditions are used to connect the 
unknown variables to the known ones on the boundary. 
Several advantages are drawn from the use of the direct boundary element method 
compared to the other numerical methods (FDM, and FEM) such as reduction of the size 
of the problem which in turns simplifies the analysis of the whole problem. It also 
facilitates the representation and simulation of the infinite and semi-infinite domain such 
as plate-soil interaction. The key issue of this method is that it is still under development, 
i.e. it is not popular and general–purpose numerical method right now Szilard (2004).   
There are several studies and research that have been conducted to cover the 
theory, algorithms, programs and applications of the BEM indifferent fields, including 
plate problems. A representing sample of BEM research can be found in Brebbia (1978), 
Tottenham (1979), Banerjee and Butterfield (1981), Du et al. (1984), Balas et al.(1989), 
Beer and waston (1992), Qin (1993), Qiao and Hua (1993), Kane (1994), Katsilkadelis 
and Nerantzaki(1994), El-Zarany et al. (1995), and Szilard (2004).    
The main advantage of mesh-based methods when applied for large deformation 
problems is the mesh distortion and the need for re-meshing especially for structures of 
complex geometries. Both re-meshing and meshing distortion can be overcome by using 
the mesh-less methods as the interpolation in such methods is based on scattered nodes 
instead of mesh. One of the important mesh-less methods is the radial basis function 
method (RBF). It was used first in the early 1970s for fitting the scattered data by Hardy 
(1971). More details about RBF are given in Section 2.4. 
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Another mesh-less method is smooth particle hydrodynamics (SPH) which was 
proposed by Gingold (1977) and Lucy (1977), to model astrophysical phenomenon.  
A third type of mesh-less methods is the  Diffuse element method (DEM) which 
was introduced by Nayroles et al. (1992) based on  moving least square approximations. 
A modification of the method has been proposed by Belytschko et al. (1994 and 1996) to 
enhance its accuracy.  
A modification on the smooth particle hydrodynamics (SPH) was carried out by 
Liu (1995) by including a function to correct the kernel approximation in SPH to be 
compatible with the conditions of reproducing to come out with a new mesh-free method 
known as a reproducing kernel particle method (RKPM) which then was used for the 
analysis of large deformation problems Chen et al. (1996). Another mesh-less method 
was introduced by Liu and Belytschko (1997) which is known as moving least-square 
reproducing kernel method (MLSRK) by employing the moving least square 
interpolation function. 
More recently, other types of meshless methods were developed by many 
researchers.  Partition of unity method has been proposed by Babuska and Melenk(1996) 
and EFG and RKPM hp-cloud methods by Duarte and Oden (1996). Both of the hp-cloud 
and partition of unity methods are based mainly on the partition of unity concept. The 
local Petrov-Galerkin method which is based on local weak forms was introduced for 
nonlinear problems and computational mechanics by Atluri and Zhu(1998). Several 
different methods have been proposed such as the dual reciprocity boundary element 
method (DRBEM) by Chen et al.(2000), and Florez et al. (2000), the local boundary 
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integral equation (LBIE) by Atluri and Zhu (2000),  and the method of collocation with 
RBF’s by Pollandt (1997), Mikhailov (2000), Jumarchon et al.(2000), Zhang et al. 
(2000). 
The above mesh-less methods have several advantages over mesh-based methods 
Liew et al. (2011) which can be summarized as follows: a) easier when applied to 
problems with complex geometries, b) for problems with large deformation and moving 
discontinuities, they provide efficient and more accurate results, c) additional nodes can 
be added easily in case of refinement to get more accurate solution at critical parts of the 
domain, d) they can be easily coupled with BEM or FEM to eliminate the disadvantage of 
each. For more details about the mesh-less, one can refer to Liu et al (1996), Li and Liu 
2002, and Nguyen et al. (2008). 
2.2 Analysis of Plates with Large Deflection 
2.2.1 Analytical Solutions 
 Large deflection of plates has been studied by many researchers. Voyiadjis and 
Sarkan (1984) presented for the bending of plates with moderately large deflection a new 
theory which is an extension of small strains of plate theory. Their proposed theory took 
into consideration the transverse normal strain and it was used in an infinite plate to solve 
the problem of straight-crested waves. 
Gorji (1989) has employed the equivalent load concept to develop a method 
which was used in the solution of the large deflection problems of orthotropic annular 
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plate according to the Von Karman governing equations. Simply of that he transformed 
the nonlinear terms into sets of loads in addition to the applied loads to the plate. By this 
transformation, the large displacement was converted to equivalent small deformation 
and then the equations were solved accordingly. Clamped and simply outer supported 
edges with free inner edges of plates were considered as numerical examples to ensure 
the accuracy and efficiency of the proposed method which have proved that it is accurate 
and efficient as well for such problems. 
He (2003) has provided an approximate analytical solution to be used for the 
solution of the large deflection of thin circular plate utilizing the direct variational 
method. He presented a full theoretical basis for the finite element application and direct 
variational methods like Ritz method. In his method, the semi-inverse mesh was used to 
derive the variational principle.  
Li et al. (2004) provided a new technique (incremental load technique) which was 
suitable for the solution of bending large deflection of an axi-symmetric simply supported 
plate. They have used the linear theory of thin plates for developing their method. In their 
method, the loads were divided into small steps at each of them the plate stress behavior 
is simplified to linear. 
Bakker et al. (2009) provided analytical method in approximate form for the 
solution of thin rectangular plate with large deformation and simply supported exposed to 
transverse loading. The deflected shape of the first in-plane loading (compression) 
buckling mode was used as trail function to describe the total deflection of the plate. 
According to their method, the large deflection behavior of the plate under transverse 
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loading was formulated in-terms of the ratio of the pre-to-post-buckling in-plane stiffness 
of the plate.  
Shufrin et al. (2010) proposed a semi-analytical method to be utilized in the 
solution of nonlinear analysis of trapezoidal and skew plates exposed to transverse 
loading. The nonlinear Van Karman strains combined with the thin elastic plate theory 
was used to the formulation of the large deformation of the plate. The method of multi-
term extended Kantorovich was utilized to reduce the solution of the governing equations 
to the solution of ordinary differential equations instead of the partial differential 
equations. The non-rectangular geometry was switched to a rectangular computational 
domain. 
Paik et al. (2012) provided analytical method to solve the elastic large 
deformation of metal plate under non-uniformly distributed lateral pressure with in-plane 
loads by applying the Galerkin method. Their method can be used as a better alternative 
method in the maritime industry for the plate design methods in the case of loads (high 
non-uniformity of lateral pressure). 
Robert and Gorder (2012) introduced a method which is used to get perturbation 
solution for the Foppl-Von Karman equations that govern the large deformation of thin 
plate. His approach was created by the combination of Homotopy analysis method (to 
transform the nonlinear system of coupled PDE’s into linear PDE’s) and Fourier analysis 
to solve the resulted linear PDE’s. His method makes the solution to be in few terms and 
perturbation solution does not depend on any parameters. The method was checked for 
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clamped and thickness goes to zero cases. The author of the method (Gorder) reported 
that his method can be modified to be used for other boundary conditions. 
He et al. (2012) developed the Von Karman equation that describes the large 
deformation of the plate with different modli in compression and tension and then used 
both the variational and displacement methods to solve the problem. Their method was 
created based on the flexural stiffness for a bi-modular thin plate in small deflection 
bending. The perturbation solution according to the deflection in the centre of the plate is 
valid based on the outcome from their study. 
He et al. (2013) introduced a general analytical solution for the large deflection of 
thin plate (circular) with different moduli in compression and tension. With four 
boundary conditions (clamped, clamped-free to slip, simply supported and simply 
hinged) using the perturbation technique. They used the numerical results comparison 
with their method which has proved that the perturbation solution is valid.  
A new approach was developed by Ibearugbulem et al. (2013) in which the direct 
integration of the governing differential equations of isotropic rectangular plate was 
carried out to get the suitable shape functions in two dimensional Taylor’s series form. It 
used the principle of equilibrium of work developed by the action (load) and the reaction 
(plate) to get the equations of the deflection and the bending moments.  
2.2.2 Numerical Solutions 
Turvey and Salehi (1990) developed a numerical solution method by using 
interlacing central finite difference discretization coupled with the dynamic relaxation 
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(DR) algorithm scheme to solve the large deflection of sector plates loaded uniformly. 
They verified the accuracy of their method through the use of the finite element results 
(ANSYS software) for clamped and simply sector plates. 
Tanaka et al.(1996) presented an incremental formulation for the finite deflection 
of thin plates under the Von-Karman nonlinearity. They have obtained integral equations 
which then were numerically solved using the boundary domain element method. Their 
method was checked and validated by implementing several examples and comparing the 
results with known exact solution. 
For orthotropic rectangular thin plate, Yeh et al. (2007) provided analysis of large 
deflection with two different boundary conditions, clamped and simply supported by 
utilizing approach called hybrid approach. Their approach uses combination form both 
differential transformation and finite difference method in order to reduce the governing 
equation of the large deflection of the orthotropic plate to a simple set of algebraic 
equations. They found that the accuracy of the solution for the clamped orthotropic plate 
is more or better than the simply supported ones. From the provided numerical examples, 
their method can be applied into the solution of the orthotropic plate large deformation 
problems with accepted accuracy. 
Shahid et al. (2007) presented a mathematical method to analyze very large 
deformation of thin plates under nonlinear static loadings. Their model was developed 
according to the elastic Cosserat theory and virtual work principle by appropriate 
interpolation for the displacement and rotation fields on all domains satisfied the 
boundary conditions. In their work, square computational domain was created after 
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converting an arbitrary quadrilateral plate through a linear mapping. Important 
advantages for their method such as no need for mesh discretization which leads to 
minimal input data for the numerical computation.    
Naffa and Al-Gahtani (2007) provided a numerical mesh-less method for the 
solution of large deflection of thin plate. In their method, the fifth order polynomial radial 
basis function was utilized to solve the two coupled nonlinear differential governing 
equation of thin plate incrementally. The used method in their study was verified by 
implementing several numerical examples for the movable edges (free to move in the in-
plane directions of the plate). 
Al-Gahtani and Naffa’a (2009) developed mesh-less formulation for the solution 
of the large deflection problems of immovable thin plates. They have used the fifth order 
polynomial radial basis function for the solution of the governing equations which were 
formulated in-terms of three displacement components u, v, and w. The generated couple 
nonlinear system of equations was solved incrementally by iterative procedure. 
Andakhshideh et al. (2010) have presented an approach based on the generalized 
differential quadrature to be utilized for the solution of large deformation analysis 
problems of laminated sector plates. The advantage of their method is that it can handle 
such problems under several boundary conditions such as clamped, simply and free edges 
or even combination of them. They have used the Newton-Raphson method for the 
solution of the resulting nonlinear equations iteratively.  As they have concluded from 




2.3 Analysis of Plates on Foundations 
2.3.1 Analytical Solutions 
In 1998, Shen provided large deflection analysis for Reissner-Mindlin plates with 
free edge on Pasternak foundation under the combined action of the temperature and 
transverse load. He used Reissner-Mindlin formulations and the mixed Galerkin-
Perturbation analysis technique. Several variables were taken in consideration in his 
study such as foundation stiffness, transverse shear deformation, loaded area, and etc. 
Yang and Zhang (2000) have provided a semi-analytical approach for the analysis 
of large deformation for the plate foundation interaction problem including the post-
buckling plate response. The perturbation technique, Galerkin procedure, and 1D 
approximation were utilized in their method to simulate the nonlinear behavior of the 
plates under different boundary conditions (simple, clamp, and elastic rotational).  
Muthurajan et al. (2005) have proposed a procedure based on the Von Karman’s 
large deformation equations and Galerkin’s method to study the response of laminated 
thin plate rested on elastic foundation and subjected to both out of plane and in-plane 
forces. The boundary conditions considered were simple and clamped supports. 
Civalek (2007) presented a method for the solution of nonlinear dynamic and 
static problems of thin rectangular plate resting on two parameter (Winkler-Pasternak) 
foundations. He has used the discrete singular convolution (DSC) to discrete the plate 
nonlinear partial differential equations in space domain whereas the harmonic differential 
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quadrature (HDQ) method was used to discrete the plate equations in the time domain. 
The two different boundary conditions, simply and clamped immovable rectangular 
plates were investigated in his study.  
Alamatian and Golmakani (2013) have provided a dynamic kinetic relaxation-
based technique for the solution of laminated plates resting on nonlinear foundation. 
Their proposed method can be used for the analysis of the large deflection problems of 
general theta ply laminated plates on nonlinear foundation under different boundary 
conditions including the free and movable. 
2.3.2 Numerical Solutions 
Dumir (1988) has carried out a large deformation analysis of annular thin plates 
(cylindrical orthotropic) resting on annular foundation and subjected to uniform 
distributed. He utilized the combined orthogonal point collocation method with the 
Newmark-β scheme to solve the plate formulations based on the Van Karman equations. 
He proved that the static analysis is enough to get the maximum response of the plate of 
any load step instead of the transient solution.    
Dumir and Bhaskar (1988) presented a method called orthogonal point collocation 
method which can be used for the analysis of the moderately large deflection of 
rectangular plates resting on the Winkler and Pasternak foundations and subjected to 
static loads. Their formulation was based on Von-Karman equations and the solutions 
were obtained for simply and clamped immovable plates. 
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Katsikadelis (1991) employed the boundary element method (BEM) to solve thin 
plates resting on elastic foundation and undergoing large deformation. The plate-
foundation interaction was represented by linear and non linear Winkler models. The 
proposed method is applicable for plates with arbitrary boundary conditions and shapes. 
Both the nonlinearities and the foundation reactions were considered as domain forces in 
order to justify the use of the fundamental solution of the linear plate theory. 
Qin (1993) has suggested a special boundary element method for the analysis of 
large deflection of plates resting on elastic foundations. The proposed boundary element 
method is based on the fundamental solutions derived from Hu’s functions and the 
resolution method of the differential operator. 
El-Zafrany and Fadhi (1996) provided a boundary element analysis for thin plate 
on elastic foundation (two-parameter). The method was based on a modified Kirchhoff 
theory and 3 degrees of freedom were considered at the boundary node. The complex 
Bessel functions were utilized to explicitly express the kernel functions. The free edge 
conditions were also covered in their study. The conclusion from their study is that the 3 
degrees of freedom are enough for obtaining accurate results. 
Rashed et al. (1998) solved the problem of thick plate on Winkler foundation 
using the boundary element method. Their formulation is based on Reissner plate 
bending theory. 
In 2001, Horibe and Asano presented a boundary integral method to calculate the 
large deflection of a rectangular plate on a Pasternak foundation. Their formulation was 
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based on nonlinear Berger equation and the solution was obtained by transforming the 
partial differential equations to ordinary differential. Huang and Thambiratnam (2001) 
utilized the finite strip method to analyze the plates resting on elastic foundations and 
supports.   
Saygun and Celik (2003) used the ring sector plate element to obtain a solution 
for a circular plate with a variable thickness and resting on a two-parameter foundation. 
Xia et al. (2004) analyzed a moderately thick rectangular plate with four free edges on 
two-parameter foundation using Galerkin method by including the transverse shear 
deformation. 
Malekzadeh and Setoodeh (2007) studied the behavior of thin to moderately thick 
elastic rectangular laminated plates resting on nonlinear elastic foundations using the 
differential quadrature method (DQM). 
A thick plate resting on Pasternak foundation was studied using the mesh-less 
radial point interpolation method by Hu et al (2009). Their formulation was based on 
Mindlin plate theory and the minimum total potential energy principle. 
2.4 RBF Methods 
RBF was first introduced by Hardy in1971 for fitting scattered data. RBF was 
coupled with the boundary element method (BEM) to develop new method called dual 
reciprocity-boundary element method by Nardini and Brebbia in1982 for the solution of 
free vibration problems. In that method, the purpose of RBF was to transform the domain 
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integrals into boundary integrals. The coupling of RBF with boundary element method 
was carried out by several researchers to solve different types of problems. 
 However, the direct use of RBF to solve partial differential equation was due to 
Kansa (1990). He presented two different researches: first one was for the investigation 
of the accuracy of using multi-quadratic radial basis function (MQ) in estimation of the 
interpolation and partial derivative for 2D function. He has concluded that MQ is 
extremely accurate. Second one was about the use of MQ as the spatial approximation 
scheme for hyperbolic, parabolic and the elliptic Poisson’s equation. The outcome of the 
second research was that the MQ is more efficient than finite difference scheme. In 1992, 
Kansa and Carlson introduced the variable shape parameters concept in the RBF. 
Although RBF is accurate, it suffers from the stability and ill-conditioning 
problems, especially with dense and irregular spaces. Some researchers have conducted 
different studies to theoretically ensure the convergence and stability of RBF 
interpolation such as Schaback (1995), Wendland (1998).  
Combination the RBF’s with the dual reciprocity boundary element method 
DRBEM was studied in details by Golberg (1999). The solution of Possion's equation by 
iterative RBF-DRBEM was introduced by Cheng, Young and Tsia (2000) for the solution 
of two-dimensional fluid dynamics represented by Navier-Stokes equations. Another 
Multi-domain DRBEM method has been introduced by Florez, Power and Chejne (2000) 
to solve Navier-Stokes equations.   
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To overcome ill conditioning problem particularly in the large scale problems, 
several types of RBF’s were developed such as multilevel, compactly supported, 
preconditioned, truncated RBF, domain decomposition, Knot optimization method and 
RBF with variable shape parameter (Kansa and Hon (2000)). 
Wen et al. (2000) have presented a dual reciprocity method to transform integrals 
to boundary integrals for shear deformable plate and shell bending problems in which the 
radial basis functions were employed to approximate the force terms in the equations.  
Several researchers have proposed various versions of RBF for the solution of 
different problems. Examples are those by Driscoll (2002), and Ferreira (2003) for the 
analysis of laminated composite plates.  
Sladek and Sladek (2003) have combined local boundary integral equation (LBIE) 
method with a mesh-less approximation to be used in the solution of bending of thin 
elastic plates with large deflections governed by the Berger equation.  
The functionally graded material (FGM) plates dynamic and static analyses based 
on the point interpolation method (PIM) were provided by Dia et al. (2004).  
Ferreira et al. (2004) utilized RBF-based collocation method with MQ function in 
the structural analysis of symmetric and isotropic laminated composite thick beams and 
plates and in the Timoshenko beams and Mindlin plates free vibration analysis by 
Ferreira (2005). 
Larson and Fornberg (2003) have reported that the errors in RBF approximations 
tend to be largest near boundaries. Fedoseyev, Friedman and Kansa (2002) have provided 
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the formulation for an approach which collocates both with the PDE at the boundary 
points and the boundary condition in order to overcome the errors at the boundaries and 
they have added additional functions in order to have corresponding number of unknowns 
and equations. 
In general, the solution of RBF-based collocation method is obtained by 
expanding the solution in terms of the radial basis functions whose coefficients are 
obtained by the application of both the governing equations and the boundary conditions 
of the problem at boundary and some selected domain points. As a consequence, it is 
vital issue to select the most appropriate form of radial basis function for the governing 
differential equations. The use of the Multi-quadrics (MQ) is preferred according to the 
literature Frank (1982) and Kansa (1990).This has been verified by Ferreira (2003) who 
has used it to solve the problem of small deflection of moderately thick rectangular 
laminated composite plates..  
Zhou et al. (2011) have proposed a quadratic shape parameter variation scheme 
for the variable shaped multi-quadratic (MQ). The proposed scheme with the variable 
shaped MQ gave better accuracy and stability than the constant shaped MQ.  
In general, a typical radial basis function is dependent on the Euclidian radial 
distance r with or without a shape parameter c. Some of the widely used RBF functions 
are listed below: 
 Poly-harmonic Spline RBF 
 ∅ 𝑟 = ∅  𝑋 − 𝑋𝑖  = 𝑟
𝑘  , 𝑘 = 1,3… 
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 ∅ 𝑟 = ∅  𝑋 − 𝑋𝑖  = 𝑟
𝑘  ln(𝑟), 𝑘 = 2,4,… 
 Thin plate Spline RBF 
 ∅ 𝑟 = ∅  𝑋 − 𝑋𝑖  = 𝑟
2ln(𝑟) 
 Multi-quadric RBF 
 ∅ 𝑟 = ∅  𝑋 − 𝑋𝑖  =  𝑟2 + 𝑐2 
 Inverse of Multi-quadric RBF  




 Inverse quadratic RBF  




2.5 Models of Soil–Foundation Interaction 
Several models have been proposed for simulating the soil-foundation interaction. 
However, for practical considerations and applications, some models are so complex 
which limit their uses. On the other hand, there are simple and suitably truthful models 
still accepted with researchers and engineers. Some examples of such models are the 
Winkler model, the two parameter model, non-linear Winkler-Pasternak model, and the 
elastic continuum model Wang et. al (2005). 
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2.5.1 Winkler Model 
The simplest foundation model is the so called Winkler model Winkler (1867) 
which represents the foundation reaction by a reaction p distributed perpendicularly to the 
plate, and therefore 
𝑝 𝑥 = 𝑘𝑤                                                                                                                                    (2.1) 
Where; k is known as the Winkler parameter.  
2.5.2 Two-Parameter Model (Pasternak Model) 
The second popular model is due to Pasternak [1954 ] which counts for the effect 
of deformation of the shear for the foundation and it can be represented by: 
𝑝 𝑥 = 𝑘𝑤 − 𝑔𝑝∇
2𝑤                                                                                                                  (2.2) 
Where; gp is the shear foundation parameter.  
2.5.3 Three-Parameter Model (Nonlinear Winkler-Pasternak Model) 
The reaction for a non-linear Winkler-Pasternak foundation involves three 
parameters k, k1 and gp Kerr (1964), i.e. 
𝑝 𝑥 = 𝑘𝑤 + 𝑘1𝑤
3 − 𝑔𝑝∇
2𝑤                                                                                                  (2.3) 




2.5.4 Elastic Continuous Models 
The 3D continuous elastic solids are used to idealize the media of soil. The first 
attempt for the continuum simulation of soil media was found from the work of 
Boussinesq (1885) ―who analyzed the problem of a semi- infinite homogeneous isotropic 
linear elastic half-space subjected to a concentrated force acting normal to the boundary‖ 
Wang et. al (2005). In addition, different solutions which have considered other models 
for the soil media were provided. They included the non-homogeneous elastic continuum, 
anisotropic elastic continuum, and layered elastic medium. 
a) Isotropic elastic half-space. Stress-displacement relationship was first derived 
by Boussinesq (1885) due to the action of a normal force P (concentrated) for an isotropic 
elastic half-space on its boundary. As a result, the vertical direction displacement at the 
surface is given by 
P (1−υs )
2πGs r
 in which r is the distance between the force P and the point of 
interest, and υs & Gs are Poisson’s ratio and the shear modulus of the elastic material. 
b) Non-homogeneous elastic half-space. The overburden pressure increases with 
depth for the soil deposits which in turns an increase in the stiffness. Thus, the non-
homogeneous medium’s Young’s modulus is expressed by Stark and Booker (1997) as 
follows: 
E z = mEZ
α                  (0 < 𝛼 < 1)                                                                                       (2.4) 
Where; mE is a constant and if z = 0, it is equivalent to the Young’s modulus, and α is the 
non-homogeneity index. To calculate the vertical settlement from a load, P, acting a point 
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Where; Γ denotes the gamma function. 
c) Cross-anisotropic foundation. The elastic vertical displacement surface w 
resulted from a load P at point on a cross-anisotropic soil can be calculated in Nayak 







 Iw                                                                                                                        2.6  
Where; r is the distance between the loading point and settlement point, and 
Iw =
 m1 + m2s2
2  1 − as1
2 −  m1 + m2s1
2  1 − as2
2 
2n 1 − μ2  s1 c − ds1
2  1 − as2
2 − s2 c − ds2
2  1 − as1
2  
                                  2.7  
The other variables of Eqs (2.6) and (2.7) are given as 
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m1 = −cn −  1 + b μrz      ;      𝑚2 = 𝑑𝑛 + 2𝑎μrz                                                                (2.8) 
 s1, s2 =  







                                                                                       (2.9) 
a = −
μrz  1 + μrr  
n − μrz2
,   b =
 1 − 2β μrz
2 − β 1 + n μrz + nμrr
n − μrz2
,       
c =
 2β − 1 μrz − μrrμrz + β(1 + n)
n − μrz2




                                                     (2.10) 
d) Layered elastic media. Wang and Ishikawa (2001) provided the solution for 
layered soils Senddon (1951) by utilizing the Hankel transformation. The same approach 
was employed by Yin et al.(2001). Senddon (1951) can be expressed as 








ξJ0 ξ, r dξ                                                                   (2.11) 
Where; r is the distance between the loading point and the settlement point; the 
integration parameter for the Hankel transform is defined by ξ; Bij are the elements of the 
transformed displacements and stresses matrix. Analysis of plates on layered soil was 
provided by Wang et.al (2003) using semi-analytical and semi-numerical methods 
employing Eq.(2.11). 
From the reviewed literature, it can be concluded that there is still a gap in the 
available solutions for the large deflection of plates on nonlinear foundations. Most of 
these solutions are limited to simplified foundation models and/or boundary conditions. 
In particular, the important case of plates with free edges has not been addressed by 
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almost all of the surveyed literature. In addition, the interaction between the plate and the 
foundation was not covered in a comprehensive way to include all foundation models.  
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CHAPTER THREE  
GOVERNING EQUATIONS 
In this chapter, the derivation of partial differential equations governing the 
behavior of thin elastic plates undergoing large deflection is presented. The derivation of 
equations for the plates without foundation is given, first followed by the case with 
foundation. For both cases, two types of formulations are considered: 1) w-F formulation 
which addresses the movable edge condition and 2) u-v-w formulation which addresses 
the immovable edge condition. 
3.1 Large Deflection of a Thin Plate 
For the large deflection of thin plates, the governing differential equations are 
derived in two different approaches according to the edge conditions (movable or 
immovable). Timoshenko (1959) book covers the details of the derivation of equations 






























Figure 3.1 Definition of in-Plane Internal Forces of the Plates and 















From Figures 3-1 and 3-2, the summation of internal forces and moments in both 
in-plane and out of plane plates must equal to zero to achieve the equilibrium condition. 












= 0  ;                                                                                                                       (3.2) 
For the summation of forces in z direction, the projection of the in-plane forces 
Nx, Ny and Nxy on the z axis must be included as shown in Figure 3-1. The bending of the 
Figure 3.2 Definition of out of Plane Internal Forces of the Plates 
  
39 
plate and the small angles between the forces Nx, and Ny which act on the opposite sides 
of the element must be taken in to account. As a consequence, the equation of 































































                                                                                (3.5) 












                                                                                                                                      (3.8) 






































                                                              (3.11) 
3.1.1 w-F Formulations 
In order to find Nx, Ny, and Nxy , a third equation is needed to Equations 3.1 and 
3.2. The required third equation can be obtained by employing the middle surface strain 
of the plate during the bending. The relevant strain components are as mentioned in the 
Equations 3.9, 3.10 and 3.11. By taking the second derivative of these expressions and 

















                                                       (3.12) 
Using the Equations 3.6, 3.7 and 3.8 for the strain components in Equations 3.12 
on can get the third equation in terms of Nx, Ny, and Nxy. For the solution of the resulting 
three equations, let us use stress function F, function of x and y, such as the Equations 3.1 
and 3.2 are satisfied. To accomplish this purpose, the expressions of the Nx, Ny, and Nxy 






;   ⇒       Nx = t
∂2F
∂y2






;   ⇒       Ny = t
∂2F
∂x2






;  ⇒       Nxy = −t
∂2F
∂x ∂y
                                                                              (3.15) 
By substitution Equations (3.13 - 3.15) into Equations (3.6 - 3.8), the results will 




























                                                                                                          (3.18) 
Substitution expressions (3.16 - 3.18) into Equation (3.12), one can get the first 
equation relating w and F as follows: 











                                                                                  (3.19) 
Lf =  Nlw                                                                                                                                   (3.20) 
The necessary second equation to determine F and w is derived from the bending 


































                                                                                                  (3.21) 
Lwf =  
𝑝𝑧
𝐷





























𝜐                                                                          (3.23) 
𝑉𝑛 =
𝑒𝑡
12 −1 + 𝜐2 
 𝑛𝑥𝑡
2  1 − 𝑛𝑦










2  1 − 𝑛𝑦
2 −1 + 𝜐  + 2𝑛𝑥
2𝑛𝑦𝑡
2 −1 + 𝜐  
𝜕3𝑤
𝜕𝑥2𝜕𝑦
+ +  𝑛𝑥
3𝑡2 1 − 𝜐 + 𝑛𝑥𝑡
2  1 + 2𝑛𝑦























                                            (3.24) 
 
By reorganizing the shear formula to be in terms of linear and nonlinear terms, the shear 










2  1 − 𝑛𝑦










2  1 − 𝑛𝑦
2 −1 + 𝜐  + 2𝑛𝑥
2𝑛𝑦 𝑡




3𝑡2 1 − 𝜐 
+ 𝑛𝑥𝑡
2  1 + 2𝑛𝑦
2 −1 + 𝜐  )
𝜕3𝑤
𝜕𝑥𝜕𝑦2



























                                                                                                        ( 3.26) 
Where;  nx and ny are the components of the unit normal to the boundary and the 
subscripts indicate derivatives with the respective coordinates as shown in Figure 3.3. 
 
Figure 3.3 Directional Cosines 
 






























                                                                                                     (3.29) 

















                                                                                                                   (3.32) 
3.1.2 w-u-v Formulations 
By equating the strain equations (3.6 - 3.8 and 3.9 - 3.11) and solving the 
resulting formulas, the Nx  , Ny ,𝑎𝑛𝑑 Nxy  are determined and then substituted into 
Equations 3.1 3.2 and 3.3, the following equations are found and given by: 
𝐸𝑡




















 𝜐2 − 1 
 𝜐





∂2 w 𝑥,𝑦 
∂𝑥  ∂𝑦
+





∂2 w 𝑥,𝑦 
∂𝑥2
 = 0                                                                                    (3.33) 
𝐸𝑡
2 𝜐 + 1 
 
∂2 u 𝑥,𝑦 
∂𝑥  ∂𝑦
+
∂w 𝑥, 𝑦 
∂𝑥
∂2 w 𝑥,𝑦 
∂𝑥  ∂𝑦
+










 𝜐2 − 1 
 
∂2 u 𝑥,𝑦 
∂𝑥  ∂𝑦
+
∂w 𝑥, 𝑦 
∂𝑥





 𝜐2 − 1 
  





∂2 w 𝑥,𝑦 
∂𝑦2
 










12 1 − 𝜐2 
 𝜐
∂4 w 𝑥,𝑦 
∂𝑥2  ∂𝑦2
+





12 1 − 𝜐2 
 𝜐
∂4 w 𝑥,𝑦 
∂𝑥2  ∂𝑦2
+






∂2 w 𝑥,𝑦 
∂𝑥  ∂𝑦
 
∂u 𝑥, 𝑦 
∂𝑦
+










2 𝜐2 − 1 






∂ v 𝑥,𝑦 
∂𝑦













2 𝜐2 − 1 






∂ v 𝑥,𝑦 
∂𝑦










 − pz = 0                                                                                       (3.35) 
From Equations 3.33, 3.34, and 3.35, the linear and nonlinear parts are put on the 
left and right hand sides respectively as follows: 
𝐸𝑡
2 𝜐 + 1 




 𝜐2 − 1 




2 𝜐 − 1 





















 𝜐2 − 1 
 
∂w 𝑥, 𝑦 
∂𝑥
∂2 w 𝑥,𝑦 
∂𝑥2




2 𝜐 + 1 




 𝜐2 − 1 




2 𝜐 − 1 





















 𝜐2 − 1 
 
∂w 𝑥, 𝑦 
∂𝑦
∂2 w 𝑥,𝑦 
∂𝑦2




































































)2 + pz                                                                                              (3.38) 
The Equations 3.36, 3.37, and 3.38 are rearranged to be as follows:  
Luv11 + Luv12 = Nlw1                                                                                                             (3.39) 
Luv21 + Luv22 = Nlw2                                                                                                            (3.40) 
Lw = NLuvw + pz                                                                                                                   (3.41) 





2 𝜐 + 1 




 𝜐2 − 1 
∂2 u 𝑥, 𝑦 
∂𝑥2
                                                         (3.42) 
Luv12 = −
𝐸𝑡
2 𝜐 − 1 
∂2 v 𝑥,𝑦 
∂𝑥  ∂𝑦
                                                                                             (3.43) 
Luv21 = −
𝑒𝑡
2 𝜐 − 1 
∂2 u 𝑥,𝑦 
∂𝑥  ∂𝑦
                                                                                             (3.44) 
Luv22 =
𝐸𝑡
2 𝜐 + 1 




 𝜐2 − 1 
∂2 v 𝑥,𝑦 
∂𝑦2
                                                         (3.45) 
Nlw1 =
𝐸𝑡

















 𝜐2 − 1 
 
∂w 𝑥, 𝑦 
∂𝑥
∂2 w 𝑥,𝑦 
∂𝑥2
− px                                       (3.46) 
Nlw2 =
𝐸𝑡

















 𝜐2 − 1 
 
∂w 𝑥, 𝑦 
∂𝑦
∂2 w 𝑥,𝑦 
∂𝑦2






































































)2                                                                                                             (3.49) 
  For a general curved boundary, the bending moment and the shear forces of the 











































2𝑡2 𝜐 − 1 + 𝑛𝑦𝑡
2 + 𝑛𝑦




2𝑡2 𝜐 − 1 + 𝑛𝑥𝑡
2 + 𝑛𝑥

















































+ 6𝑛𝑥 −1 + 𝜐 
𝜕𝑣 𝑥,𝑦 
𝜕𝑥
𝜕𝑤 𝑥, 𝑦 
𝜕𝑦











                               (3.51) 
The shear force Vn can be divided into two parts, linear (𝑉𝑛























2𝑡2 𝜐 − 1 + 𝑛𝑦𝑡
2 + 𝑛𝑦




2𝑡2 𝜐 − 1 + 𝑛𝑥𝑡
2 + 𝑛𝑥
3𝑡2 1 − 𝜐  
𝜕3𝑤(𝑥, 𝑦)
𝜕𝑥𝜕𝑦2


























+ 6𝑛𝑦 −1 + 𝜐 
𝜕𝑣 𝑥,𝑦 
𝜕𝑥






















+ 6𝑛𝑥 −1 + 𝜐 















                                                                                     (3.53) 
Where;  nx and ny are the components of the unit normal to the boundary and the 







































                                                                                                     (3.56) 














































2 𝜐 + 1 
 
∂ u 𝑥,𝑦 
∂𝑦
+











To generalize the solution, the previously derived governing equations and 
relationships need to be non-dimensionalized. 
 For a rectangular domain (a x b), and thickness of t, one can define the following 




;       Y =
y
b
;     U =
ua
t2
;  V =
va
t2
;   W =
w
t




   𝛼 =
𝑎
𝑏
  ;      𝛽 =
𝑎
𝑡
  ;       𝑃𝑋 =





 −1 + 𝑣2  𝑝𝑦𝛽
3
𝐸
;       𝑃𝑍 =






















































































































































































3.1.3 Non-Dimensional W-F Formulations 
The resulting non-dimensional W-F formulas are as follows: 











                                                                                   (3.60) 
LF =  NLW                                                                                                                                (3.61) 
∇4W = PZ



















                                                                                                (3.62) 
LWF =  PZ + NLWF                                                                                                                 (3.63) 
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 nx  1 − ny






3 −1 + υ  
∂3W
∂Y3
+  nyα  1 − ny
2 −1 + υ  + 2nx
2nyα −1 + υ  
∂3W
∂X2 ∂Y
+ +  nx
3α2 1 − υ + nxα
2  1 + 2ny























                                             (3.65) 







 nx  1 − ny






3 −1 + υ )
∂3W
∂Y3
+ (nyα 1 − ny
2 −1 + υ  + 2nx




3α2 1 − υ 
+ nxα
2  1 + 2ny
2 −1 + υ  )
∂3W
∂X ∂Y2



























                                                                                                       (3.67) 













































                                                                                                                   (3.73) 
3.1.4 Non-Dimensional W-U-V Formulations 
Applying those non-dimensional quantities, and multiplying sides of Equations 
3.36 and 3.37 by (𝑎3/𝑡2   ) and Equation 3.38 by (a4/t) , we get the final form of non-




 LUV11 + LUV12 = NLW1                                                                                                        (3.74) 
LUV21 + LUV22 = NLW2                                                                                                          (3.75) 
LW = NLUVW + PZ                                                                                                                 (3.76) 
In which;  
LUV11 =
α2 −1 + υ 
2
  
∂2 U X, Y 
∂Y2
+
∂2 U X, Y 
∂X2
                                                                (3.77) 
LUV12 =
α2 1 + υ 
2
  
∂2 V X, Y 
∂X  ∂Y
                                                                                            (3.78) 
LUV21 =
α 1 + υ 
2
∂2 U X, Y 
∂X  ∂Y
                                                                                                (3.79) 
LUV22 =
α 1 − υ 
2
 
∂2 V X, Y 
∂X2
+ α3
∂2 V X, Y 
∂Y2





∂W X, Y 
∂X






∂W X, Y 
∂Y




∂W X, Y 
∂X
∂2 W X, Y 
∂X2
+ PX                                                                                    (3.81) 
NLW2 =
α −1 + υ 
2
 
∂W X, Y 
∂Y
∂2 W X, Y 
∂X2
 −
α 1 + υ 
2
 
∂W X, Y 
∂X
∂2 W X, Y 
∂X  ∂Y
 
− α3  
∂W X, Y 
∂Y
∂2 W X, Y 
∂Y2














= −12α2 −1 + v 
∂2 W X, Y 
∂X  ∂Y
 
∂U X, Y 
∂Y
+
∂V X, Y 
∂X
+
∂W X, Y 
∂X




∂2 W X, Y 
∂X2
 2
∂U X, Y 
∂X
+ 2α2𝜐
∂V X, Y 
∂Y
+ α2𝜐  











∂2 W X, Y 
∂Y2
 2𝜐
∂U X, Y 
∂X
+ 2α2
∂V X, Y 
∂Y
+ 𝜐  




+ α2  




                                                                                                                  (3.84) 
The non-dimensional formulas bending moment, membrane forces, bending 





































































                                                                                                     (3.89) 
NXY =
Eaα
2𝛽3 υ + 1 
 
∂U X, Y 
∂Y
+
∂V X, Y 
∂X
+
∂W X, Y 
∂X
∂W X, Y 
∂Y












































































2 𝜐 + 1 
 
∂U X, Y 
∂Y
+
∂V X, Y 
∂X
+
∂W X, Y 
∂X
∂W X, Y 
∂Y









































2α υ − 1 + αny + αny




2α2 υ − 1 + α2nx + α
2nx





















+ 6ny −1 + υ α
∂U X, Y 
∂Y
∂W X, Y 
∂X
+ 6ny −1 + υ α
∂V X, Y 
∂X
∂W X, Y 
∂X
− 12nyυα
∂U X, Y 
∂X
∂W X, Y 
∂Y
− 12nx
∂U X, Y 
∂X
∂W X, Y 
∂X





+ 6nx −1 + υ α
2
∂U X, Y 
∂Y
∂W X, Y 
∂Y
+ 6nx −1 + υ α
2
∂V X, Y 
∂X











∂V X, Y 
∂Y
∂W X, Y 
∂X
                                                                                (3.98) 
The shear force becomes VN = VN
L + VN

















2α υ − 1 + αny + αny




2α2 υ − 1 + α2nx
+ α2nx
3 1 − υ  
∂3W(X, Y)
∂X ∂Y2























+ 6ny −1 + υ α
∂U X, Y 
∂Y
∂W X, Y 
∂X
+ 6ny −1 + υ α
∂V X, Y 
∂X
∂W X, Y 
∂X
− 12nyυα
∂U X, Y 
∂X
∂W X, Y 
∂Y
− 12nx
∂U X, Y 
∂X
∂W X, Y 
∂X





+ 6nx −1 + υ α
2
∂U X, Y 
∂Y
∂W X, Y 
∂Y
+ 6nx −1 + υ α
2
∂V X, Y 
∂X











∂V X, Y 
∂Y
∂W X, Y 
∂X





3.2 Large Deflection of Thin Plates on Foundations 
In this section, the governing equations derived in the previous section are 
modified to include the effect of the foundation. Both discrete and continuous foundation 
models are considered. 
3.2.1 Governing Equations for Plates on Discrete Foundations  
3.2.1.1 Updated w-f Equations 
𝐿𝑤𝑓 = 𝑁𝐿𝑤𝑓 +
1
𝐷
 𝑝𝑧 − kw x, y − k1w
3 x, y + gp∇
2w x, y                               (3.101)  
Where Lwf  is ∇4𝑤,  NLwf is defined in the right hand side of Equation (3.22),  pz 
is the transverse external loads, and k, k1 and gp are the discrete foundation model 
parameters. 
The updated non-dimensional W-F equation becomes: 
 LWF = NLWF + PZ − KW X, Y − K1W
3 X, Y + G1∇
2W X, Y                               (3.102)  
Where;  
LWF is ∇4W ,  
NLWF is defined in Equation 3.62, PZ  is 
12 1 − υ2 pz  a
4
Et4  
, and K, K1and G1are the non














   
a and t are the side dimension and the thickness of the plate respectively. 
3.2.1.2 Updated w-u-v Equations 
The updated dimensional w-u-v Equation (3.57) becomes 
𝐿𝑤 = 𝑁𝐿𝑢𝑣𝑤 + 𝑝𝑧 − kw x, y − k1w
3 x, y + gp∇
2w x, y                         (3.103)  
In which Lw is defined by Equation (3.48), and NLuvw is defined by Equation 
(3.49), pz is the transverse external loads. 
Dividing Equation (3.103) by 𝐷 =
𝐸𝑡3
12 (1−𝜐2)




 𝑁𝐿𝑢𝑣𝑤 + 𝑝𝑧 − kw x, y − k1w
3 x, y + gp∇
2w x, y                             (3.104)  
The updated non-dimensional W-U-V Equation becomes 
LW = NLUVW + PZ − KW X, Y + K1W
3 X, Y − G1∇
2W X, Y                                (3.105)  
In which LW is defined by Equation (3.83), and NLUVW is defined by Equation 
(3.84). 
3.2.2 Elastic Continuous Model 
In this model, the supporting soil is assumed to be elastic, isotropic, homogeneous 
and semi-infinite continuous characterized by the two constants: elastic modulus, Es, and 
Poisson’s ratio, υs. The model is based on Boussinesq’s solution of the elastic half-space 
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problem. The deflections of the plate-soil contact surface at arbitrary point xj are given 
by: 









𝑖=1                                (3.106)  
Where Pi is the soil reaction at point xi and rij is the distance between points j and 



















 =  
𝑓𝑢11 ⋯ 𝑓𝑢1𝑛𝑝
⋮ ⋱ ⋮





                                                                                 (3.107) 




 𝑎𝑛𝑑  𝑓𝑢𝑖𝑗 = −
 1−2𝜐𝑠 (1+𝜐𝑠)
2𝜋𝐸𝑠𝑟𝑖𝑗  
     
Or:  
 𝑊 =  𝑓𝑤   𝑃    ;   𝑈 =  𝑓𝑢  𝑃                                                                                         (3.108) 
As noticed, the elements of the coefficient matrix F can be easily computed 
directly at the points where i ≠ j. For i= j, however rij → 0 and therefore fii becomes 




Figure 3.4 Calculations of fii Coefficients in Boussinesq Formula. 
 
From Figure 3.4,  
𝑓𝑤𝑖𝑖 =
















𝑑𝑥𝑑𝑦   
=
 1 − 𝜐𝑠
2 
𝑕𝜋𝐸𝑠
log(17 + 12 2)    
= 3.525
 1 − 𝜐𝑠
2 
𝑕𝜋𝐸𝑠
    
So that; 
𝑓𝑤𝑖𝑖 = 3.525
 1 − 𝜐𝑠
2 
𝑕𝜋𝐸𝑠
 and similar formula for    𝑓𝑢𝑖𝑖 = −3.525
 1 − 2𝜐𝑠  1 + 𝜐𝑠 
𝑕2𝜋𝐸𝑠
; 
Where; h is the mesh size. 
The implementation of the above model in RBF formulation will be explained in 











RBF FORMULATIONS AND COMPUTER 
IMPLEMENTATION  
In this chapter, the formulation of multi-quadric radial basis function (MQ-RBF) 
is provided in details. In addition, the program codes for implementing the RBF 
formulations are presented. 
4.1 RBF Formulation 
In this work, the multi-quadric radial basis function MQ-RBF is used. Consider 
the 2-D computational domain (Figure 4.1) that represents the plate geometry. For 
collocation, we use node points distributed both along the boundary (𝑥𝐵
𝑗
  , 𝑗 = 1, . . ,𝑁𝐵) , 
and over the interior (𝑥𝐷
𝑗
  , 𝑗 = 1, . . ,𝑁𝐷). Let xp= {XB , XD}, so that the total number of 




The transverse deflections w, the in plane deflections, u and v, and the stress 
function F are interpolated linearly by MQ-RBF. The MQ-RBF formulations are written 
into two types (a and b) to be suitable for the different boundary conditions including the 
free-edge ones. Type a is used in all boundary conditions except the free edge whereas 
Type b is suitable for all. The disadvantage of Type b is the need for extra nodes rather 
than the domain and boundary nodes. Both MQ-RBF formulations types are given as 
follows:  
𝑤 𝑥 =  𝑎𝑤
𝑗 𝐵𝐶𝑤1  ∅  𝑥 − 𝑥𝐵
𝑗    +  𝑎𝑤
𝑗+𝑁𝐵𝐵𝐶𝑤2  ∅  𝑥 − 𝑥𝐵






𝑗+2𝑁𝐵∅  𝑥 − 𝑥𝐷
𝑗   
𝑁𝐷
𝑗=1
                                                                                  4 − 1𝑎   
Figure 4.1 Domain and Boundary Nodes 
  
68 
𝐹 𝑥 =  𝑎𝐹
𝑗 𝐵𝐶𝐹1  ∅  𝑥 − 𝑥𝐵
𝑗    +  𝑎𝐹
𝑗+𝑁𝐵𝐵𝐶𝐹2  ∅  𝑥 − 𝑥𝐵






𝑗+2𝑁𝐵∅  𝑥 − 𝑥𝐷
𝑗   
𝑁𝐷
𝑗=1
                                                                                   4 − 2𝑎  
𝑢 𝑥 =  𝑎𝑢
𝑗 𝐵𝐶𝑢  ∅  𝑥 − 𝑥𝐵
𝑗    +  𝑎𝑢
𝑗+𝑁𝐵  ∅  𝑥 − 𝑥𝐵





                             4 − 3𝑎  
𝑣 𝑥 =  𝑎𝑣
𝑗𝐵𝐶𝑣  ∅  𝑥 − 𝑥𝐵
𝑗    +  𝑎𝑣
𝑗+𝑁𝐵  ∅  𝑥 − 𝑥𝐵





                             4 − 4𝑎  
𝑤 𝑥 =  𝑎𝑤
𝑗  ∅  𝑥 − 𝑥𝐵
𝑗    
𝑁𝐵+𝑁𝑃
𝑗=1
                                                                                   4 − 1𝑏  
𝐹 𝑥 =  𝑎𝐹
𝑗  ∅  𝑥 − 𝑥𝐵
𝑗    
𝑁𝐵+𝑁𝑃
𝑗=1
                                                                                    4 − 2𝑏  
𝑢 𝑥 =  𝑎𝑢
𝑗  ∅  𝑥 − 𝑥𝐵
𝑗    
𝑁𝑃
𝑗=1
                                                                                          4 − 3𝑏  
𝑣 𝑥 =  𝑎𝑣
𝑗  ∅  𝑥 − 𝑥𝐵
𝑗    
𝑁𝑃
𝑗=1
                                                                                          4 − 4𝑏  
Where; 
 ∅  𝑥 − 𝑥𝑗  =   𝑥 − 𝑥𝑗  2 +  𝑦 − 𝑦𝑗  2 + 𝑐2  is a multi-quadric RBF , 









  𝑎𝑛𝑑 𝑎𝐹
𝑗
 are unknown coefficients to be determined by applying 
the governing equations at the domain points and satisfying the boundary 
conditions at the boundary points.   
 𝐵𝐶𝑤1, 𝐵𝐶𝑤2,𝐵𝐶𝐹1, 𝐵𝐶𝐹2,𝐵𝐶𝑢  and 𝐵𝐶𝑣 are the differential operators of the 
boundary conditions corresponding to w, F, u and v, respectively. 
The summary of the governing equations as derived in Chapter 3 are given below 
followed by their corresponding RBF matrix equations. W-F formulas and matrices: 







+ 𝑁𝐿𝑊𝐹                                                                                                          (4 − 6) 
Where;  

































    
The corresponding RBF equations are: 








𝐵𝐶𝐹1(𝐵𝐶𝐹1 ∅ ) 𝐵𝐶𝐹1 𝐵𝐶𝐹2 ∅  𝐵𝐶𝐹1 ∅ 
𝐵𝐶𝐹2 𝐵𝐶𝐹1(∅ ) 𝐵𝐶𝐹2 𝐵𝐶𝐹2 ∅  𝐵𝐶𝐹2 ∅ 
∇4(𝐵𝐶𝐹1 ∅ ) ∇












, 𝑗 = 1,𝑁𝐵
𝑎𝐹
𝑗+𝑁𝐵 , 𝑗 = 1,𝑁𝐵
𝑎𝐹



















































                                                   ( 4 − 7𝑏) 






𝐵𝐶𝑤1(𝐵𝐶𝑤1 ∅ ) 𝐵𝐶𝑤1 𝐵𝐶𝑤2 ∅  𝐵𝐶𝑤1 ∅ 
𝐵𝐶𝑤2 𝐵𝐶𝑤1(∅ ) 𝐵𝐶𝑤2 𝐵𝐶𝑤2 ∅  𝐵𝐶𝑤2 ∅ 
∇4(𝐵𝐶𝑤1 ∅ ) ∇












, 𝑗 = 1,𝑁𝐵
𝑎𝑤
𝑗+𝑁𝐵 , 𝑗 = 1,𝑁𝐵
𝑎𝑤































































                                ( 4 − 8𝑏) 
W-U-V formulas and matrices: 
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𝐿11 𝑢 + 𝐿12 𝑣 = 𝑁𝐿1 𝑤                                                                                                   4 − 9  







+ 𝑁𝐿3 𝑢, 𝑣,𝑤                                                                                            (4 − 11) 
Where, 
𝐿11 =
2𝜕𝑥𝑥 + (1 − 𝜐)𝜕𝑦𝑦
2(1 − 𝜐2)
,     𝐿12 = 𝐿21 =
2𝜕𝑥𝑦
2(1 − 𝜐)
 ,     𝐿22 =
2𝜕𝑦𝑦 + (1 − 𝜐)𝜕𝑥𝑥
2(1 − 𝜐2)
           
 𝑁𝐿1 𝑤 = −
(1 + 𝜐)𝑤𝑥𝑦𝑤𝑦 + 𝑤𝑥(2𝑤𝑥𝑥 +  1 − 𝜐 𝑤𝑦𝑦 )
2(1 − 𝜐2)
                                                         
𝑁𝐿2 𝑤 = −
(1 + 𝜐)𝑤𝑥𝑦𝑤𝑥 + 𝑤𝑦(2𝑤𝑦𝑦 +  1 − 𝜐 𝑤𝑥𝑥 )
2(1 − 𝜐2)
                                                           
𝑁𝐿3 𝑢, 𝑣,𝑤 
=
𝐸𝑡𝑤𝑥𝑦
𝐷 1 + 𝜐 
 𝑢𝑦 + 𝑣𝑥 + 𝑤𝑥𝑤𝑦 +  
𝐸𝑡𝑤𝑥𝑥
2𝐷 1 − 𝜐2 
 2 𝑢𝑥 + 𝑤𝑥




2𝐷 1 − 𝜐2 
 2 𝑣𝑦 + 𝑤𝑦
2  + 𝜐 2𝑢𝑥 + 𝑤𝑥
2                                                  
The corresponding RBF equations are: 










𝐵𝐶𝑢(𝐵𝐶𝑢 ∅ ) 𝐵𝐶𝑢 ∅ 0 0
𝐿11(𝐵𝐶𝑢 ∅ ) 𝐿11(∅) 𝐿12(𝐵𝐶𝑣 ∅ ) 𝐿12(∅)
0 0 𝐵𝐶𝑣(𝐵𝐶𝑣 ∅ ) 𝐵𝐶𝑣 ∅ 















, 𝑗 = 1,𝑁𝐵
𝑎𝑢
𝑗+𝑁𝐵 , 𝑗 = 1,𝑁𝐷
𝑎𝑣
𝑗
, 𝑗 = 1,𝑁𝐵
𝑎𝑣













𝑢    𝑜𝑟    𝑇𝑥
NL1 w 
𝑣   𝑜𝑟    𝑇𝑦















0 𝐵𝐶𝑣 ∅ 










, 𝑗 = 1,𝑁𝑃
𝑎𝑣
𝑗
, 𝑗 = 1,𝑁𝑃






𝑢    𝑜𝑟    𝑇𝑥
NL1 w 
𝑣   𝑜𝑟    𝑇𝑦





                                (4 − 12𝑏) 






𝐵𝐶𝑤1(𝐵𝐶𝑤1 ∅ ) 𝐵𝐶𝑤1 𝐵𝐶𝑤2 ∅  𝐵𝐶𝑤1 ∅ 
𝐵𝐶𝑤2 𝐵𝐶𝑤1(∅ ) 𝐵𝐶𝑤2 𝐵𝐶𝑤2 ∅  𝐵𝐶𝑤2 ∅ 
∇4 𝐵𝐶𝑤1 ∅  ∇
4 𝐵𝐶𝑤2 ∅  ∇












, 𝑗 = 1,𝑁𝐵
𝑎𝑤
𝑗+𝑁𝐵 , 𝑗 = 1,𝑁𝐵
𝑎𝑤

































































                     ( 4 − 13𝑏) 
4.2 Computer Implementation 
All symbolic and numerical computations have been performed using 
Mathematica. The procedure for programming the RBF matrices for both W-F and U-V-
W formulations are explained below.  
4.2.1 Mathematica Code for W-F Formulation 
To solve the Equations (4-7) and (4-8), the following steps are followed: 
1) Modeling geometry 
2) Boundary conditions information 
3) Radial Basis Function (RBF) definition 
4) Governing Partial differential equations definitions 
5) Definitions of boundary condition equations 
6) Evaluation of  the matrix [Af] in Equation (4-7) 
7) Evaluation of  the matrix [Aw] in Equation (4-8) 
8) Determination the Inverses of both matrices [Af], and [Aw] 
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9) Initializations of all NLW, NLWF, Vn
NL
, {Rf}, {Rw}, {af}, and {aw}  
10) Definitions of loads and their increments, convergence criteria, etc. 
11) Definitions of the foundation models parameters 
12) Start with first incremental load 
13) Start with first iteration 
14) Evaluation the  {Rf}, and {Rw},  
15) Calculation of {af} , and {aw} 
16) Evaluation of all w, and F using the Equations (4-1a or 4-1b, and 4-2a or4-2b) 
respectively 




18) Evaluation the vertical displacement w at the centre of the plate. 
19) Repeating the steps from 13 up to 18  
20) Calculation of the 𝑒𝑟𝑟𝑜𝑟 =  𝐴𝑏𝑠  
𝐴𝑏𝑠 (𝑤19 )−𝐴𝑏𝑠 (𝑤18 )
𝐴𝑏𝑠 (𝑤18 )
   
21) If the error is not less than the convergence error criteria defined in step 10, 
repeating the steps from 13 up to 19 with the new iterations. 
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22) If the error is less than the convergence error criteria defined in step 10, 
writing the results of this incremental load step and then starting new 
incremental load by repeating the steps from 12 up to 19.Repeat all steps from 
12 up to 21 for all incremental loads 
23) Writing summarized report for the results containing, deflections, stresses, etc. 
24) Stop  





Input Data, Geometry information, etc. 
Boundary conditions 
Evaluation of the matrix [Af]  
Evaluation of the matrix [Aw]  
 
Inverse [Af] and [Aw]  
 
Initializations of all NLW, NLWF, VN
NL
, 
{Rf}, {Rw}, {af}, and {aw} 
Input data, loads, # of increments, 
convergence criteria, foundation parameters, 
etc. 
Find   {Rf}, {Rw}, {af}, and {aw} 
 
Apply load increment  




Figure 4.2 Flow Chart for the W-F Program 
Evaluation of w, and F 
Evaluation of the foundation reaction and 
the new of  NLW, NLWF, VN
NL
 , {Rf}, 
{Rw}, {af}, and {aw} 













4.2.2 Mathematica Code for W-U-V Formulations 
To solve the Equations (4-12) and (4-13), the following steps are followed: 
1) Modeling geometry 
2) Boundary conditions information 
3) Radial Basis Function (RBF) definition 
4) Governing Partial differential equations definitions 
5) Definitions of boundary condition equations 
6) Evaluation of  the matrix [Auv] in Equation (4-12) 
7) Evaluation of  the matrix [Aw] in Equation (4-13) 
8) Determination of the Inverses of both matrices [Auv], and [Aw] 
9) Initializations of Nl1(w), Nl2(w), Nl3(u,v,w), Vn
NL
, {Ruv}, {Rw},{auv}, and 
{aw}  
10) Definitions of loads and their increments, convergence criteria, etc. 
11) Definitions of the foundation models parameters 
12) Start with first increment load 
13) Start with first iteration 
14) Evaluation the  {Ruv}, and {Rw} 
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15) Calculation of {auv}, and {aw}  
16) Evaluation of all w, u, and v using the Equations (4-1a or 4-1b, 4-3a or 4-3b, 
and 4-4a or 4-4b) respectively. 




18) Evaluation the vertical displacement w at the centre of the plate. 
19) Repeating the steps from 13 up to 18  
20) Calculation of the 𝑒𝑟𝑟𝑜𝑟 =  𝐴𝑏𝑠  
𝐴𝑏𝑠 (𝑤19 )−𝐴𝑏𝑠 (𝑤18 )
𝐴𝑏𝑠 (𝑤18 )
   
21) If the error is not less than the convergence error criteria defined in step 10, 
repeating the steps from 13 up to 19 with the new iteration. 
22) If the error is less than the convergence error criteria defined in step 10, 
writing the results of this incremental load step and then starting new 
incremental load by repeating the steps from 12 up to 19. 
23) Repeating all steps from 12 up to 22 for all incremental loads 
24) Writing summarized report for the results containing, deflections, stresses, etc. 
25) Stop  
The above steps are shown in the flow chart (Figure 4-3) while the code in 





Input Data, Geometry information, etc. 
Boundary conditions 
Evaluation of the matrix [Auv]  
Evaluation of the matrix [Aw]  
 
Inverse [Auv] and [Aw]  
 
Initializations of Nl1(w), Nl2(w), Nl3(u,v,w), 
Vn
NL
, {Ruv}, {Rw},{auv}, and {aw} 
Input data, loads, # of increments, 
convergence criteria, foundation parameters, 
etc. 
Find  {Ruv}, {Rw}, {auv}, and {aw} 
 
Apply load increment  




Figure 4.3 Flow Chart for the W-U-V Program 
Evaluation of w, u, and v 
Evaluation of foundation reaction P and 
new Nl1(w), Nl2(w), Nl3(u,v,w), Vn
NL
, 
{Ruv}, {Rw},{auv}, and {aw} 
 














To calculate the response of the supporting soil media when using the elastic 
continuous models, a specific procedure sequence is adopted. From the analysis, each 
node has a corresponding settlement and a consequence point force. The configuration of 
the plate is shown in Figure (4.4). 
 
According to the continuous media concept, each point load on the domain will 
affect all other points and causes settlement depending on the radial distance between 
them. As a result, the total settlement at each point will be the summation of all nodes 
forces effects. Considering the Boussinesq elastic half space model (1885) formulas, the 
resulting equations can be represented by the following:  





wnp  Figure 4.4 Plate Nodes Loads and Settlement  
  
83 















































fnp np                         
For the horizontal displacements,  















































fnp np                                                           (4 − 14) 
As the deflections of the nodes are known from the analysis of the plates, the only 
unknowns in the Equations 4-14 are the resulting reaction forces P’s. By solving the 
resulting linear algebra equations, the values of P’s can be determined and taken as the 
average of the calculated from both the vertical and the horizontal displacements. The 
calculated forces P’s  are then considered as a contact soil pressure in the Equations (4-8), 





OPTIMIZATION OF RBF SHAPE VARIABLE C  
The multi-quadric radial basis function MQ RBF proposed here is given by: 
∅  x − xj  =   x − xj 2 +  y − yj 2 + c2 ,  where c is the shape variable.  
In order to obtain the optimum value of the shape variable c, it was necessary to 
perform a parametric investigation in which c was varied from a low value of 0.1 to a 
high value of 0.8 with an increment of 0.02. The analysis was carried out for both plates 
on and without foundation. Two shapes of the plate considered: square and circular. 
Several boundary conditions were considered, namely: clamped, free, simply, movable 
and immovable).  
A summary of cases studied are given in Table 5-1. The boundary indications and 
the nodal distribution are given in Figure 5-1. The total cases of studies which have been 
carried out to get the optimal values of c are 1120 cases (16*2*35). The analysis of 
similar cases was carried out using the finite element method (FEM) by COMSOL 
software. Dimensionless units were used and the (w/t) at the center of the plate results 
were used for the comparison of MQ-RBF and FEM and then the errors were calculated. 
For each case of study, the loads were applied incrementally as described in 
Chapter 3. The relaxation factor, relf =0.65, was used in all. The average error was 
calculated by  
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𝐸𝑟𝑟𝑜𝑟 % = 𝐴𝑏𝑠  
 𝑊  𝑅𝐵𝐹 −  𝑊  𝐹𝐸𝑀
 𝑊  𝐹𝐸𝑀
 ∗ 100;    
𝑤𝑕𝑒𝑟𝑒: 𝑊  𝑖𝑠
𝑤
𝑡
 𝑎𝑡 𝑡𝑕𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑡𝑕𝑒 𝑝𝑙𝑎𝑡𝑒. The results of the parametric study 












Figure 5.1 Nodes Distribution and Boundary Sides of Plates. a) 
Rectangular Plate, and b) Circular Plate  
 
(a) NB=36; ND=81 
(b) NB=32; ND=69 
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Table 5.1 Designated and Description of Plates Cases of Studies  
Number # Designated Name BC1 BC2 BC3 BC4 
1 SQ-CC-IM C &   IM C &  IM C & IM C & IM 
2 SQ-CC-MO C & MO C & MO C & MO C & MO 
3 SQ-SS-IM S & IM S & IM S & IM S & IM 
4 SQ-SS-MO S & MO S & MO S & MO S & MO 
5 SQ-CF-IM F & IM C & IM F & IM C & IM 
6 SQ-CF-MO F & MO C & MO F & MO C & MO 
7 SQ-SF-IM F & IM S & IM F & IM S & IM 
8 SQ-SF-MO F & MO S & MO F & MO S & MO 
9 CI-CC-IM C & IM C & IM C & IM C & IM 
10 CI-CC-MO C & MO C & MO C & MO C & MO 
11 CI-SS-IM S & IM S & IM S & IM S & IM 
12 CI-SS-MO S & MO S & MO S & MO S & MO 
13 CI-CF-IM F & IM C & IM F & IM C & IM 
14 CI -CF-MO F & MO C & MO F & MO C & MO 
15 CI-SF-IM F & IM S & IM F & IM S & IM 
16 CI-SF-MO F & MO S & MO F & MO S & MO 
Where;  
SQ: Square or Rectangle ;   CI: Circle ;  C: Clamped ; S: Simple ; F: Free ; IM: 
Immovable ; MO: Movable. 
 
 



















Shape Variable C 
SQ-CC-IM- WOF SQ-CC-IM- WF




Figure 5.3 Average Errors % vs Shape Variable for SQ-CC-MO and SQ-SS-MO 
 
 













































Shape Variable C 
SQ-CF-IM- WOF SQ-CF-IM- WF




Figure 5.5 Average Errors % vs Shape Variable for SQ-CF-MO and SQ-SF-MO 
 






















Shape Variable C 
SQ-CF-MO- WOF SQ-CF-MO- WF























Shape Variable C 




Figure 5.7 Average Errors % vs Shape Variable for CI-CC-IM and CI-SS-IM (WF) 
 























Shape Variable C 























Shape Variable C 




Figure 5.9 Average Errors % vs Shape Variable for CI-CC-MO and CI-SS-MO (WF) 
 






















Shape Variable C 























Shape Variable C 
CI-CF-IM- WOF CI-CF-IM- WF




Figure 5.11 Average Errors % vs Shape Variable for CI-CF-MO and CI-SF-MO 
 
The parametric study results for the square plate are given by Figures 5.2 to 5.5 
and the Tables B-1 and B-2 in Appendix B. The shown results show that there exists a 
range of c for which the error of RBF solution as compared to FEM is less than 5% and 
2.5% for plates on and without foundation respectively. The range of optimum c is 
between 0.2 and 0.7 for most of the cases. It should be noted that the range of c gets 
narrower for few of the cases corresponding to plates on foundations. 
Moreover, when the free edge boundary condition comes to the picture, the 
observations are different for both the immovable and movable edges as they are shown 
in Tables (B-3 and B-4) in Appendix B and Figures (5.4 and 5.5) respectively. For the 
free movable cases, the minimum errors are observed when the c changes from 0.6 to 























Shape Variable C 
CI-CF-MO- WOF CI-CF-MO- WF
CI-SF-MO - WOF CI-SF-MO - WF
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within 5% when c changes from 0.4 to 0.45 for WF case and within 2% when c changes 
from 0.5 to 0.65 for WOF (Figure 5.4). 
The average errors and corresponding c values for the circular cases are as shown 
in Tables B-5 to B-8 in Appendix B and Figures 5.6 to 5.11. The non-free circular cases, 
the more sensitive cases are the ones with foundation (WF) on the simply supported 
boundary conditions (both immovable and movable ) in which the average errors are less 
than 10 %  in almost one value of c which is 0.2 as it is shown in both Tables B-5 and B-
6. However, the clamped ones are sensitive only at c values of 0.1 to 0.2 and from 0.4 to 
0.46 in both movable and immovable edges cases. Unlike the WF, the WOF produces 
small errors when c changes from 0.25 to more than 0.8 for all boundary conditions 
(movable, immovable, clamped and simple). 
The circular free edges plate as shown in Tables B-7 and B-8 and Figures 5.10 
and 5.11 behave different from all the previous cases where the simply boundary 
conditions give minimum errors (less than 5%) at c changes from 0.2 to 0.25 for 
immovable edges and 0.22 for movable ones. Whereas for the clamped free, the 
minimum errors (less than 3 %) are obtained when c changes between 0.5 to more than 
0.8 for both WF and WOF movable and immovable conditions.  
As a conclusion of the above discussion, it can be observed that when the shape 
variable c changes from 0.6 to 0.65 all square plate, not free circular, and circular 
clamped free cases without foundation in both movable and immovable conditions 
produce minimum average error less than 5 %. However, the other remaining cases are 
provided with their c values as follows: square plate simply free immovable with 
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foundation (SQ-SF-IM-WF) gives minimum error when c ranging from 0.4 to 0.45 
whereas the circular clamped movable and immovable (CI-CC-MO and IM) with 
foundation produce minimum average error when c either changes from 0.22 to 0.38 or 
from 0.48 to 0.8. But the minimum error c value for the circular simply movable and 
immovable with foundation is 0.2 and 0.22 for the circular simply free movable and 
immovable boundary conditions in both WOF and WF cases. These conclusions are 
tabulated in Table 5.2 below.  
Table 5.2 Range of Optimum c for all Cases  
Range of C 
values 
Cases  
WOF  WF 
0.6 – 0.65  
SQ-CC-IM, SQ-SS-IM, SQ-CC-MO, 
SQ-SS-MO, SQ-CF-MO, SQ-SF-MO, 
SQ-SF-IM , CI-CC-IM, CI-SS-IM, CI-
CC-MO, CI-SS-MO, CI-CF-IM, CI-CF-




CF-IM, CI-CF-MO        
  
 
0.4 - 0.45 ------------------------------ SQ-SF-IM 
0.22-0.38 ------------------------------ CI-CC-MO, CI-CC-IM 
0.48-0.8 ------------------------------ CI-CC-MO, CI-CC-IM 
0.22 CI-SF-IM, CI-SF-MO CI-SF-IM, CI-SF-MO 




CHAPTER SIX  
VERIFICATION OF THE COMPUTER CODE FOR LARGE 
DEFLECTION OF THIN PLATE WITHOUT 
FOUNDATION (WOF) 
6.1 General  
In order to examine the effectiveness of the proposed RBF method, the following 
several numerical examples are considered. In all examples, the load is assumed to be 
uniformly distributed = q, Poisson ratio ν is assumed 0.3 and the analysis was performed 
for several combinations of boundary conditions. For generality of the solutions, all 
results are made dimensionless, so that the coordinates, the load, the deflection, and the 















, respectively. The shape 
factor, c, of the RBF was changed according to the boundary conditions, and the 
geometry. Its optimum value ranged between 0.1 and 0.8. 
Two plate shapes are considered: square and circular, while the boundary 
conditions include clamped, simply supported, free, movable and immovable. The 
definitions, node distributions, and designation of all considered cases are shown in 





















Figure 6.1 Nodes Distribution and Boundary Sides of Plates. a) 






Table 6.1 Designated and Description of Plates Cases of Studies  
Number # Designated Name BC1 BC2 BC3 BC4 
1 SQ-CC-IM C &   IM C &  IM C & IM C & IM 
2 SQ-CC-MO C & MO C & MO C & MO C & MO 
3 SQ-SS-IM S & IM S & IM S & IM S & IM 
4 SQ-SS-MO S & MO S & MO S & MO S & MO 
5 SQ-CF1-IM C & IM C & IM C & IM F & IM 
6 SQ-CF1-MO C & MO C & MO C & MO F & MO 
7 SQ-SF1-IM S & IM S & IM S & IM F & IM 
8 SQ-SF1-MO S & MO S & MO S & MO F & MO 
9 CI-CC-IM C & IM C & IM C & IM C & IM 
10 CI-CC-MO C & MO C & MO C & MO C & MO 
11 CI-SS-IM S & IM S & IM S & IM S & IM 
12 CI-SS-MO S & MO S & MO S & MO S & MO 
13 CI-CF1-IM C & IM C & IM C & IM F & IM 
14 CI-CF1-MO C & MO C & MO C & MO F & MO 
15 CI-SF1-IM S & IM S & IM S & IM F & IM 
16 CI-SF1-MO S & MO S & MO S & MO F & MO 
 
Where;  
SQ: Square;   CI: Circle ;  C: Clamped ; S: Simple ; F: Free ; IM: Immovable ; MO: 
Movable 
 
The results of RBF solution were compared with FEM results using the 
commercial software COMSOL and the error was calculated using the following 
formula: 
Error % = Abs 
 result RBF −  result FEM
 result FEM
 ∗ 100                                                     (6 − 1) 
The results of the numerical examples are provided in Section 6.2 followed by 
their discussion in Section 6.3.  
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6.2 WOF Numerical Examples 
6.2.1 WOF Immovable Square Plates 
The square plates are subjected to uniformly distributed load and modeled by 36 
nodes in the boundary (Nb), and 81 nodes in the domain (Nd) with a uniform spacing of h 
= 0.1 as shown in Figure 6-1.  
For this type of edge condition (u = v = 0.), the code developed based on w-u-v 
formulation is used. The analysis is repeated for different boundary conditions in the 
transverse direction. The results of the transverse deflection w , the bending stress σ b  and 
membrane stress σ m are presented for each case at different levels of applied load. 
 SQ-CC-IM 
A clamped supported square plate with immovable edges, (w =
∂w
∂n
= u =  v =
 0) is subjected to a uniform dimensionless total load, 𝑞 = 180  which is applied 
incrementally at a rate of 15 per increment. The summary of the results at the center of 
the plate is shown in Table 6-2 below. 
Table 6.2 Summary of the Results of SQ-CC-IM without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
15 0.2033 0.1969 3.1500 2.0267 1.9465 3.9568 0.1366 0.1313 3.8743 
30 0.3852 0.3744 2.7994 3.7704 3.6426 3.3891 0.4889 0.4726 3.3285 
45 0.5396 0.5261 2.5064 5.1597 5.0114 2.8743 0.9556 0.9319 2.4762 
60 0.6701 0.6550 2.2637 6.2513 6.1002 2.4181 1.4678 1.4399 1.9006 
75 0.7821 0.7651 2.1739 7.1220 6.9686 2.1534 1.9915 1.9670 1.2324 
90 0.8797 0.8623 1.9682 7.8279 7.6926 1.7293 2.5113 2.4889 0.8919 
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105 0.9662 0.9484 1.8466 8.4152 8.2955 1.4230 3.0210 3.0036 0.5766 
120 1.0440 1.0247 1.8528 8.9127 8.7946 1.3253 3.5183 3.5104 0.2250 
135 1.1147 1.0956 1.7210 9.3402 9.2471 0.9967 4.0023 4.0011 0.0299 
150 1.1797 1.1579 1.8501 9.7140 9.6083 1.0880 4.4735 4.4915 0.4016 
165 1.2398 1.2186 1.7107 10.0445 9.9670 0.7714 4.9326 4.9534 0.4225 
180 1.2958 1.2736 1.7114 10.3400 10.2712 0.6653 5.3802 5.4139 0.6268 
 
 SQ-SS-IM 
A simply supported square plate with immovable edges, (𝑤 = Mn = u =  v =
 0) is subjected to a uniform total load, 𝑞 = 90 which is applied incrementally at a rate of 
10 per increment. The summary of the results at the center of the plate is shown in Table 
6-3 below. 
Table 6.3 Summary of the Results of SQ-SS-IM without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
10 0.3713 0.3770 1.5450 2.3604 2.3988 1.6272 0.4183 0.4031 3.634 
20 0.5897 0.5969 1.2254 3.6413 3.6915 1.3791 1.0587 0.9954 5.9796 
30 0.7379 0.7440 0.8325 4.4461 4.4900 0.9870 1.6627 1.6057 3.4274 
40 0.8513 0.8566 0.6256 5.0266 5.0664 0.7917 2.2193 2.1651 2.4408 
50 0.9442 0.9490 0.5109 5.4808 5.5188 0.6935 2.7368 2.6838 1.9369 
60 1.0235 1.0281 0.4475 5.8545 5.8924 0.6471 3.2227 3.1700 1.6347 
70 1.0930 1.0976 0.4123 6.1731 6.2119 0.6287 3.6830 3.6299 1.4416 
80 1.1552 1.1599 0.4042 6.4514 6.4921 0.6307 4.1215 4.0680 1.2983 
90 1.2117 1.2266 1.2352 6.6995 6.8055 1.5818 4.5419 4.4688 1.6093 
 
 SQ-CF1-IM 




=  Vnand Mn  at the free edge = u =  v =  0) is subjected to a uniform 
dimensionless total load, 𝑞 = 120 which is applied incrementally at a rate of 10 per 
  
99 
increment. The summary of the results at the free edge of the plate is shown in Table 6-4 
below. 
Table 6.4 Summary of the Results of SQ-CF1-IM without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
10 0.3016 0.313456 3.9198 0.0296 0.0285 3.7719 0.0845 0.0804 4.8521 
20 0.5291 0.548298 3.6242 0.0566 0.0547 3.4975 0.2854 0.2739 4.0554 
30 0.6971 0.717273 2.8958 0.0817 0.0794 2.8144 0.5381 0.5235 2.6982 
40 0.8285 0.848015 2.3611 0.1055 0.1031 2.3066 0.8105 0.7948 1.9312 
50 0.9367 0.955335 1.9893 0.1288 0.1262 1.9505 1.0887 1.0734 1.4038 
60 1.0292 1.04703 1.7275 0.1515 0.1490 1.6982 1.3662 1.3525 1.0048 
70 1.1106 1.12758 1.5333 0.1740 0.1714 1.5102 1.6401 1.6288 0.6894 
80 1.1833 1.19975 1.3938 0.1962 0.1935 1.3746 1.9090 1.9009 0.4226 
90 1.2494 1.26539 1.2829 0.2181 0.2154 1.2666 2.1724 2.1680 0.1996 
100 1.3101 1.32577 1.1941 0.2399 0.2371 1.1800 2.4302 2.4301 0.0059 
110 1.3665 1.38183 1.1224 0.2614 0.2585 1.1099 2.6826 2.6870 0.1648 
120 1.4192 1.43425 1.0625 0.2827 0.2798 1.0513 2.9297 2.9390 0.3172 
 
 SQ-SF1-IM 
A simply free-at-one-edge supported square plate with immovable edges, 
(𝑤 = Mn = Vnand Mn  at the free edge = u =  v =  0) is subjected to a uniform 
dimensionless total load 𝑞 = 28  which is applied incrementally at a rate of 4 per 
increment. The summary of the results at the free edge of the plate is shown in Table 6-5 
below. 
Table 6.5 Summary of the Results of SQ-SF1-IM without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
4 0.4023 0.412392 2.5025 0.0114 0.0112 2.4414 0.1381 0.1303 5.648 
8 0.5895 0.596317 1.1552 0.0220 0.0217 1.1420 0.3393 0.3238 4.5682 
12 0.7102 0.714666 0.6282 0.0322 0.0320 0.6243 0.5394 0.5098 5.4958 
  
100 
16 0.8014 0.80465 0.4072 0.0424 0.0422 0.4056 0.7325 0.7004 4.3804 
20 0.8759 0.87856 0.3082 0.0524 0.0522 0.3073 0.9179 0.8842 3.6681 
24 0.9395 0.942073 0.2711 0.0624 0.0622 0.2703 1.0960 1.0613 3.1703 
28 0.9956 1.04562 5.0286 0.0722 0.0688 4.7878 1.2676 1.2595 0.6385 
 
6.2.2 WOF Movable Square Plates  
For this type of edge condition (
𝜕𝐹
𝜕𝑛
= 𝐹 = 0), the code developed based on w-F 
formulation is used. The analysis is repeated for different boundary conditions in the 
transverse direction. The results of the transverse deflection w , the bending stress σ b  and 
membrane stress σ m are presented for each case at different levels of applied load. 
 SQ-CC-MO 






 = F =  0) 
is subjected to a uniform dimensionless total load, 𝑞 = 180 which is applied 
incrementally with at a rate of 15 per increment. The summary of the results at the center 
of the plate is shown in Table 6-6 below. 
Table 6.6 Summary of the Results of SQ-CC-MO without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
15 0.2098 0.2068 1.4430 2.0438 2.0627 0.9257 0.0726 0.0695 4.270 
30 0.4113 0.4114 0.0088 3.9601 4.0907 3.2980 0.2763 0.2704 2.135 
45 0.5992 0.5856 2.2593 5.6698 5.6473 0.3984 0.5786 0.5681 1.8145 
60 0.7717 0.7529 2.4342 7.1537 7.1038 0.6980 0.9446 0.9256 2.0085 
75 0.9294 0.9054 2.5907 8.4252 8.3433 0.9720 1.3466 1.3089 2.7981 
90 1.0740 1.0612 1.1953 9.5146 9.6562 1.4884 1.7662 1.7250 2.3357 
105 1.2072 1.1957 0.9554 10.4523 10.6536 1.9261 2.1919 2.1594 1.4848 
120 1.3307 1.3205 0.7660 11.2661 11.5224 2.2748 2.6170 2.6016 0.5882 
135 1.4456 1.4363 0.6482 11.9748 12.2714 2.4771 3.0365 3.0491 0.4136 
  
101 
150 1.5535 1.5192 2.2081 12.6009 12.5506 0.3991 3.4493 3.4036 1.3255 
165 1.6552 1.6131 2.5438 13.1572 13.0192 1.0488 3.8538 3.7928 1.5822 
180 1.7516 1.7035 2.7429 13.6554 13.4609 1.4246 4.2495 4.1517 2.3022 
 SQ-SS-MO 
A simply supported square plate with movable edges, (𝑤 = Mn =
∂F
∂n
 =  F =  0) 
is subjected to a uniform dimensionless total load 𝑞 = 60 which is applied incrementally 
at a rate of 5 per increment. The summary of the results at the center of the plate is shown 
in Table 6-7 below. 
Table 6.7 Summary of the Results of SQ-SS-MO without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
𝜎 𝑚  Error % 
FEM RBF FEM RBF FEM RBF 
5 0.2216 0.2223 0.3028 1.4214 1.4389 1.2297 0.0488 0.0459 5.9426 
10 0.4322 0.4290 0.7254 2.7411 2.7335 0.2782 0.1838 0.1836 0.1484 
15 0.6255 0.6192 0.9953 3.9033 3.8761 0.6965 0.3802 0.3790 0.3222 
20 0.8003 0.7897 1.3221 4.8999 4.8409 1.2044 0.6132 0.6051 1.3213 
25 0.9580 0.9585 0.0562 5.7472 5.8007 0.9309 0.8647 0.8499 1.7106 
30 1.1008 1.1049 0.3715 6.4692 6.5613 1.4238 1.1236 1.1131 0.9289 
35 1.2314 1.2390 0.6183 7.0898 7.2187 1.8178 1.3835 1.3845 0.0725 
40 1.3515 1.3616 0.7412 7.6275 7.7804 2.0045 1.6406 1.6611 1.2490 
45 1.4630 1.4448 1.2412 8.0982 7.9982 1.2353 1.8932 1.8737 1.0278 
50 1.5670 1.5396 1.7482 8.5139 8.3344 2.1074 2.1402 2.1068 1.5595 
55 1.6646 1.6303 2.0621 8.8841 8.6488 2.6481 2.3812 2.3162 2.7298 
60 1.7568 1.7374 1.1044 9.2163 9.1148 1.1017 2.6162 2.5894 1.0267 
 
 SQ-CF1-MO 
A clamped free-at-one-edge supported square plate with movable edges, (𝑤 =
Vnand Mn  at the free edge = F =
𝜕𝐹
𝜕𝑛
=  0) is subjected to a uniform dimensionless total 
  
102 
load, 𝑞 = 40 which is applied incrementally at a rate of 5 per increment. The summary of 
the results at the free edge of the plate is shown in Table 6-8 below. 
Table 6.8 Summary of the Results of SQ-CF1-MO without Foundation 
𝑞  
𝑤    
Error % 
𝜎 𝑏   Error % 
FEM RBF FEM RBF 
5 0.1302 0.134332 3.1698 0.0157 0.0153 3.0725 
10 0.2605 0.268664 3.1310 0.0316 0.0306 3.0360 
15 0.3910 0.402996 3.0712 0.0475 0.0461 2.9797 
20 0.5218 0.537326 2.9825 0.0636 0.0618 2.8961 
25 0.6529 0.671648 2.8781 0.0799 0.0777 2.7976 
30 0.7843 0.805947 2.7572 0.0964 0.0938 2.6833 
35 0.9162 0.940196 2.6210 0.1131 0.1102 2.5541 
40 1.0484 1.07436 2.4728 0.1299 0.1268 2.4132 
 
 SQ-SF1-MO 
A simply free-at-one-edge supported square plate with movable edges, (𝑤 =
Mn = Vn and Mn  at the free edge = F =  0) is subjected to a uniform dimensionless 
total load, 𝑞 = 12 which is applied incrementally at a rate of 1 per increment. The 
summary of the results at the free edge of the plate is shown in Table 6-9 below. 
Table 6.9 Summary of the Results of SQ-SF1-MO without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
FEM RBF FEM RBF 
1 0.1409 0.146377 3.9094 0.0010 0.0010 3.7623 
2 0.2817 0.292733 3.9033 0.0020 0.0020 3.7567 
3 0.4227 0.438995 3.8660 0.0030 0.0029 3.7221 
4 0.5636 0.585079 3.8133 0.0040 0.0038 3.6732 
5 0.7045 0.730904 3.7441 0.0049 0.0047 3.6090 
6 0.8455 0.876394 3.6482 0.0057 0.0055 3.5198 
7 0.9866 1.02148 3.5387 0.0064 0.0062 3.4178 
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8 1.1276 1.16608 3.4133 0.0070 0.0068 3.3006 
9 1.2673 1.31015 3.3778 0.0075 0.0073 3.2674 
10 1.4097 1.45362 3.1168 0.0078 0.0075 3.0226 
11 1.5506 1.59644 2.9567 0.0079 0.0077 2.8718 
12 1.6915 1.73858 2.7848 0.0079 0.0077 2.7093 
 
6.2.3 WOF Immovable Circular Plates 
The circular plates are subjected to uniformly distributed load and modeled by  36 
nodes in the boundary (Nb), and 69 nodes in the domain (Nd), with a uniform spacing of h 
= 0.2 as shown in Figure 6-1.   
 CI-CC-IM 
A clamped supported circular plate with immovable edges, (w =
∂w
∂n
= u =  v =
 0) is subjected to a uniform dimensionless total load, 𝑞 = 12 which is applied 
incrementally at a rate of 1 per increment. The summary of the results at the center of the 
plate is shown in Table 6-10 below. 
Table 6.10 Summary of the Results of CI-CC-IM without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
1 0.1686 0.1692 0.3418 0.4785 0.4852 1.3962 0.0277 0.0285 2.889 
2 0.3239 0.3212 0.8180 0.9075 0.9051 0.2667 0.1019 0.1023 0.3836 
3 0.4602 0.4562 0.8576 1.2674 1.2627 0.3699 0.2051 0.2046 0.2499 
4 0.5783 0.5703 1.3880 1.5627 1.5436 1.2202 0.3230 0.3308 2.4340 
5 0.6812 0.6716 1.4064 1.8053 1.7798 1.4135 0.4469 0.4514 1.0117 
6 0.7719 0.7694 0.3238 2.0074 2.0214 0.6968 0.5724 0.5761 0.6533 
7 0.8529 0.8469 0.6969 2.1780 2.1794 0.0662 0.6971 0.7042 1.0255 
8 0.9259 0.9272 0.1384 2.3241 2.3540 1.2840 0.8200 0.8164 0.4323 
9 0.9925 0.9902 0.2400 2.4510 2.4680 0.6917 0.9405 0.9451 0.4868 
10 1.0538 1.0242 2.8062 2.5625 2.4725 3.5131 1.0585 1.1181 5.6243 
11 1.1106 1.0963 1.2889 2.6615 2.6471 0.5416 1.1740 1.2012 2.3142 
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12 1.1636 1.1562 0.6383 2.7508 2.7562 0.1938 1.2871 1.3054 1.4185 
 CI-SS-IM 
A clamped supported circular plate with immovable edges, (𝑤 = Mn = u =  v =
 0) is subjected to a uniform dimensionless total load, 𝑞 = 6 which is applied 
incrementally at a rate of 0.5 per increment. The summary of the results at the center of 
the plate is shown in Table 6-11 below. 
Table 6.11 Summary of the Results of CI-SS-IM without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
0.5 0.2977 0.3062 2.8594 0.5227 0.5432 3.9222 0.0806 0.0776 3.722 
1 0.4809 0.5001 3.9873 0.8284 0.8742 5.5259 0.2110 0.1991 5.639 
1.5 0.6069 0.6237 2.7680 1.0277 1.0703 4.1459 0.3370 0.3134 6.9937 
2 0.7039 0.7182 2.0328 1.1744 1.2131 3.2946 0.4545 0.4336 4.5879 
2.5 0.7834 0.7958 1.5867 1.2903 1.3259 2.7615 0.5643 0.5451 3.4017 
3 0.8513 0.8623 1.2916 1.3863 1.4195 2.3981 0.6678 0.6498 2.7058 
3.5 0.9110 0.9208 1.0720 1.4684 1.4997 2.1283 0.7663 0.7489 2.2656 
4 0.9643 0.9732 0.9298 1.5401 1.5699 1.9349 0.8602 0.8435 1.9349 
4.5 1.0127 1.0209 0.8136 1.6041 1.6326 1.7777 0.9504 0.9342 1.6984 
5 1.0572 1.0648 0.7221 1.6618 1.6892 1.6512 1.0373 1.0216 1.5149 
5.5 1.0983 1.1055 0.6514 1.7144 1.7409 1.5463 1.1213 1.1060 1.3662 
6 1.1368 1.1435 0.5917 1.7629 1.7886 1.4556 1.2029 1.1879 1.2450 
 
 CI-CF1-IM 




= Vnand Mn  at the free edge = u =  v =  0) is subjected to a uniform 
dimensionless total load, 𝑞 = 8.4 which is applied incrementally at a rate of 0.7 per 





Table 6.12 Summary of the Results of CI-CF1-IM without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
0.7 0.1567 0.162903 3.9585 0.2788 0.2640 5.3085 0.0176 0.0176 0.1661 
1.4 0.2972 0.326712 9.9435 0.5263 0.4787 9.0442 0.0652 0.0639 1.8637 
2.1 0.4167 0.451067 8.2408 0.7330 0.6772 7.6134 0.1323 0.1282 3.0775 
2.8 0.5182 0.548623 5.8754 0.9041 0.8539 5.5493 0.2103 0.2045 2.7430 
3.5 0.6055 0.643579 6.2829 1.0475 0.9855 5.9115 0.2937 0.2837 3.4196 
4.2 0.6821 0.729828 6.9973 1.1699 1.0934 6.5397 0.3796 0.3646 3.9276 
4.9 0.7503 0.796854 6.2026 1.2764 1.2019 5.8403 0.4660 0.4488 3.6988 
5.6 0.8119 0.842201 3.7278 1.3707 1.3215 3.5939 0.5521 0.5323 3.5942 
6.3 0.8682 0.879819 1.3415 1.4552 1.4359 1.3237 0.6373 0.6328 0.7119 
7 0.9201 0.958761 4.2066 1.5320 1.4701 4.0368 0.7214 0.6936 3.8573 
7.7 0.9683 1.0331 6.6945 1.6023 1.5018 6.2744 0.8042 0.7734 3.8278 
8.4 1.0134 1.0524 3.8495 1.6674 1.6056 3.7068 0.8857 0.8537 3.6068 
 
 CI-SF1-IM 
A simply free-at-one-edge supported circular plate with immovable edges, 
(𝑤 = Mn = Vnand Mn  at the free edge = u =  v =  0) is subjected to a uniform 
dimensionless total load, 𝑞 = 4.8 which is applied incrementally at a rate of 0.4 per 
increment. The summary of the results at the center of the plate is shown in Table 6-13 
below. 




σ b  Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
0.4 0.2717 0.2763 1.7124 0.4335 0.4235 2.3068 0.0576 0.0558 3.1250 
0.8 0.4507 0.4538 0.6863 0.7060 0.6890 2.4079 0.1581 0.1539 2.6565 
1.2 0.5765 0.5788 0.3926 0.8884 0.8675 2.3525 0.258 0.2486 3.6434 
1.6 0.6739 0.6763 0.3576 1.0242 0.9957 2.7827 0.3521 0.342 2.8685 
2 0.7541 0.7571 0.4021 1.1325 1.1077 2.1898 0.4406 0.4258 3.3591 
2.4 0.8228 0.8266 0.4670 1.2228 1.2013 1.7583 0.5242 0.5103 2.6517 
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2.8 0.8830 0.8878 0.5419 1.3004 1.2623 2.9299 0.6036 0.5911 2.0709 
3.2 0.9371 0.9428 0.6103 1.3686 1.3338 2.5427 0.6797 0.6688 1.6036 
3.6 0.9862 0.9928 0.6726 1.4296 1.3979 2.2174 0.7527 0.7437 1.1957 
4 1.0313 1.0388 0.7288 1.4849 1.4560 1.9463 0.8232 0.8161 0.8625 
4.4 1.0731 1.0815 0.7823 1.5355 1.5093 1.7063 0.8914 0.8863 0.5721 
4.8 1.1121 1.1213 0.8289 1.5822 1.5585 1.4979 0.9576 0.9545 0.3237 
 
6.2.4 WOF Movable Circular Plates 
 CI-CC-MO 






 = F =
 0) is subjected to a uniform dimensionless total load, 𝑞 = 9.6 which is applied 
incrementally at a rate of 0.8 per increment. The summary of the results at the center of 
the plate is shown in Table 6-14 below. 
Table 6.14 Summary of the Results of CI-CC-MO without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
0.8 0.1365 0.1359 0.4511 0.3886 0.3899 0.3377 0.0093 0.0091 2.1505 
1.6 0.2704 0.2711 0.2816 0.7655 0.7768 1.4679 0.0362 0.0373 3.0387 
2.4 0.3993 0.3959 0.8483 1.1215 1.1186 0.2597 0.0786 0.0785 0.1411 
3.2 0.5220 0.5297 1.4753 1.4506 1.4991 3.3404 0.1334 0.1388 4.0479 
4 0.6377 0.6313 1.0095 1.7507 1.7420 0.5001 0.1976 0.1965 0.5418 
4.8 0.7464 0.7380 1.1354 2.0222 2.0082 0.6947 0.2684 0.2668 0.5809 
5.6 0.8484 0.8380 1.2338 2.2665 2.2474 0.8444 0.3436 0.3401 1.0159 
6.4 0.9442 0.9318 1.3166 2.4865 2.4624 0.9661 0.4217 0.4152 1.5373 
7.2 1.0344 1.0318 0.2455 2.6846 2.7068 0.8258 0.5014 0.4972 0.8418 
8 1.1193 1.1176 0.1556 2.8634 2.8917 0.9888 0.5818 0.5792 0.4360 
8.8 1.1996 1.1989 0.0633 3.0254 3.0604 1.1590 0.6622 0.6617 0.0823 







A simply supported circular plate with movable edges, (𝑤 = Mn =
∂F
∂n
 =  F =  0) 
is subjected to a uniform dimensionless total load, 𝑞 = 2  which is applied incrementally 
at a rate of 0.2 per increment. The summary of the results at the center of the plate is 
shown in Table 6-15 below. 
Table 6.15 Summary of the Results of CI-SS-MO without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
σ m  Error % 
FEM RBF FEM RBF FEM RBF 
0.2 0.1385 0.1391 0.4678 0.2459 0.2476 0.6923 0.0057 0.0055 3.509 
0.4 0.2727 0.2771 1.6211 0.4820 0.4925 2.1843 0.0219 0.0207 5.4795 
0.6 0.3995 0.3984 0.2796 0.7013 0.6994 0.2731 0.0468 0.0472 0.7473 
0.8 0.5173 0.5148 0.4739 0.9003 0.8956 0.5302 0.0781 0.0785 0.5787 
1 0.6259 0.6216 0.6901 1.0789 1.0701 0.8171 0.1137 0.1137 0.0107 
1.2 0.7260 0.7195 0.8933 1.2384 1.2250 1.0840 0.1520 0.1508 0.8116 
1.4 0.8180 0.8215 0.4309 1.3805 1.3902 0.7028 0.1918 0.1909 0.4769 
1.6 0.9031 0.9084 0.5845 1.5079 1.5218 0.9192 0.2323 0.2324 0.0193 
1.8 0.9821 0.9893 0.7261 1.6224 1.6406 1.1207 0.2731 0.2745 0.5338 
2 1.0558 1.0644 0.8147 1.7258 1.7473 1.2481 0.3137 0.3172 1.1345 
2.2 1.1248 1.1174 0.6629 1.8197 1.8051 0.8002 0.3539 0.3545 0.1652 
2.4 1.1897 1.1783 0.9614 1.9053 1.8820 1.2228 0.3937 0.3939 0.0549 
 
 CI-CF1-MO 
A clamped free-at-one-edge supported circular plate with movable edges, 
(𝑤 = Vn and Mn  at the free edge = F =
𝜕𝐹
𝜕𝑛
=  0) is subjected to a uniform dimensionless 
total load, 𝑞 = 7.2 which is applied incrementally at a rate of 0.6 per increment. The 




Table 6.16 Summary of the Results of CI-CF1-MO without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
FEM RBF FEM RBF 
0.6 0.1293 0.1261 2.4883 0.3024 0.3041 0.5604 
1.2 0.2578 0.2519 2.2983 0.6009 0.6068 0.9872 
1.8 0.3847 0.3762 2.2184 0.8919 0.9030 1.2468 
2.4 0.5096 0.4922 3.4114 1.1730 1.1621 0.9336 
3 0.6321 0.6163 2.5051 1.4428 1.4571 0.9917 
3.6 0.7523 0.7198 4.3118 1.7008 1.6594 2.4343 
4.2 0.8700 0.8439 3.0089 1.9471 1.9538 0.3467 
4.8 0.9856 0.9328 5.3520 2.1822 2.0898 4.2359 
5.4 1.0991 1.0586 3.6847 2.4071 2.3906 0.6847 
6 1.2107 1.1354 6.2222 2.6224 2.4698 5.8209 
6.6 1.3207 1.2651 4.2041 2.8293 2.7869 1.4962 
7.2 1.4291 1.3311 6.8558 3.0284 2.8153 7.0350 
 
 CI-SF1-MO 
A simply free-at-one-edge supported circular plate with movable edges, (𝑤 =
Mn = Vnand Mn  at the free edge =
∂F
∂n
 = F =  0) is subjected to a uniform 
dimensionless total load, 𝑞 = 2.4 which is applied incrementally at a rate of 0.2 per 
increment. The summary of the results at the center of the plate is shown in Table 6-17 
below. 
Table 6.17 Summary of the Results of CI-SF1-MO without Foundation 
𝑞  
w    
Error % 
σ b   Error % 
FEM RBF FEM RBF 
0.2 0.1529 0.14875 2.7142 0.2464 0.2423 1.6616 
0.4 0.3022 0.29692 1.7483 0.4839 0.4828 0.2260 
0.6 0.4451 0.4425 0.5841 0.7063 0.7156 1.3238 
0.8 0.5805 0.57417 1.0910 0.9104 0.9057 0.5066 
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1 0.7081 0.72075 1.7865 1.0960 1.0719 2.1989 
1.2 0.8287 0.83467 0.7200 1.2645 1.2793 1.1710 
1.4 0.9430 0.95642 1.4228 1.4179 1.4401 1.5626 
1.6 1.0518 1.07467 2.1741 1.5583 1.5915 2.1265 
1.8 1.1560 1.18758 2.7318 1.6876 1.7165 1.7125 
2 1.2564 1.29875 3.3707 1.8078 1.8597 2.8701 
2.2 1.3536 1.386 2.3936 1.9201 1.9759 2.91 
2.4 1.4479 1.49883 3.5177 2.0257 2.0412 0.7621 
 
6.3 Discussion of Results 
For the SQCCIM case, the maximum errors are 3.15%, 4%, and 3.9% for the non-
dimensional deflection, 𝑤 , bending stresses, 𝜎𝑏   , and membrane stresses, 𝜎𝑚     respectively, 
at the center of the square plate (Table 6.2). The maximum errors for the simply 
supported square immovable plate (SQSSIM) are 1.5%, 1.6% and 6%  for 𝑤   and 𝜎𝑏    and 
larger in 𝜎𝑚    , respectively (Table 6.3).  
For clamped and simply free immovable supported plates (SQCF1IM and 
SQSF1IM), the maximum errors are close to 5% (Tables 6.4 & 6.5). In general, the 
calculated deflections and stresses at the boundary are less accurate than at any other 
location in the square plate. 
Similar results are obtained for the square plates with movable edges but with less 
values of the maximum error. The maximum errors for SQCCMO for  𝑤  , 𝜎𝑏    and 𝜎𝑚     are 
2.8%, 3.3% and 4.3% respectively (Tables 6.6 to 6.9). Similar order of errors are 
obtained for SQSSMO, SQCF1MO and SQSF1MO cases.  
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From the square plate results, it can be observed that the analysis of the movable 
plates is more accurate then the immovable ones utilizing the proposed MQ-RBF method 
in this work. In addition, the method is less accurate at the free edge for both movable 
and immovable boundary conditions which is an expected challenge for any numerical 
method. 
The circular shape plate behaves a little different from the square one. For 
CICCIM and CISSIM cases, the maximum error occurs in the membrane stresses with 
values of less than 7% and 5.6% for both CICCIM and CISSIM (Tables 6.10 and 6.11). 
For the immovable free circular cases (CICF1IM and CISF1IM), the maximum 
errors take place at the free edge. The maximum errors are10%, 9% and 4% for  𝑤  , 𝜎𝑏    
and 𝜎𝑚    , respectively (Table 6.12 and 6.13).The errors at the center of the plate are 
reasonably small within the value of 3% as given in Table 6.13. 
The movable circular cases produce less errors values for all the boundary 
conditions as compared with the immovable ones as given in Tables 6.14 to 6.17. For the 
non-free edge cases, CICCMO and CISSMO, the errors are small within the range of 
1.5% to 3.3 % for the deflection and bending stresses respectively and 4% to 5.5% for the 
membrane stresses where the highest values corresponding to the clamped plates and one 
the lowest values being for the simply supported plates.  
For CICF1MO and CISF1MO plates, the values of the errors are relatively higher 
with maximum values of 7% and 4% for simply-free and clamped-free movable plates, 
respectively (Tables 6.16 and 6.17). 
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 As main conclusions from the above discussions, the accuracy of MQ-RBF 
method is accurate for most cases, especially those that do not involve circular plates 
with free movable edges. The results are less accurate for these cases but are considered 
to be within reasonable limits. 
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CHAPTER SEVEN  
VERIFICATION OF THE COMPUTER CODES FOR 
LARGE DEFLECTION OF THIN PLATES ON 
DISCRETE FOUNDATION (WPF) 
7.1 General  
In this Chapter, the verification of the proposed RBF method as applied to large 
deflection of thin elastic plates on elastic continuous foundationsis presented. In all 
examples, the load is assumed to be uniformly distributed = q, Poisson ratio ν is assumed 
0.3 and the analysis is performed for several combinations of the foundation parameters 
and boundary conditions. For generality of the solutions, all results are made 
dimensionless, so that the coordinates, the load, the deflection, the Winkler foundation 
stiffness, the nonlinear Winkler modulus, the shear interaction parameter and the stress 

























, respectively. The shape factor, c, of the RBF is changed according to 
the boundary conditions, the geometry, and the type of foundation models. Its optimum 
value ranges between 0.1and 0.8. 
The results of the solution obtained by the radial basis function MQ-RBF are 
compared with the results from the finite element method FEM using the commercial 
software COMSOL. The results are presented in two different formats (tables and charts). 
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The presented results are at different locations of the plates and different load levels. The 
computations of deflections and stresses are obtained at the critical locations of the plate. 
7.2 WPF Numerical Examples  
7.2.1 WPF Immovable Rectangular Plates  
 SQCCIM 




u =  v =  0) resting on the Winkler-Pasternak foundation (WPF) is considered. The 
plate is subjected to uniformly distributed load 𝑞   ranging from 30 -180. Selected results 
of some cases representing various foundation parameters are given in Table 7-1 and 
Figures 7.1, 7.2, and 7.3. In Table 7-1, the RBF and FEM results with their percentage 
errors at the center of the plate for  𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   are presented only at load 𝑞  = 180. 
The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 
7.1, 7.2, and 7.3 respectively. All three figures show a consistent agreement between 
RBF and FEM solutions. The RBF results compare very well with the FEM results with 
maximum relative differences of 1.6%, 3 % and 3.8% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively.  
Table 7.1 SQCCIM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 180 
Foundation 
Parameters 
𝒘   
 
 𝝈 𝒃  
 
𝝈 𝒎  
 









0 0 0 1.2968 1.2957 0.0856 10.3987 10.3577 0.3958 5.5520 5.4039 2.7394 
500 0 0 1.1548 1.1525 0.1985 9.1749 9.1240 0.5579 4.3930 4.2726 2.8182 
1000 0 0 1.0240 1.0209 0.2994 7.9962 7.9385 0.7262 3.4477 3.3491 2.9425 
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500 500 0 1.0571 1.0546 0.2428 7.9244 7.8720 0.6662 3.6886 3.5746 3.1888 
500 1000 0 0.9870 0.9844 0.2615 7.0384 6.9870 0.7353 3.2238 3.1154 3.4790 
1000 500 0 0.9517 0.9487 0.3176 7.0469 6.9907 0.8037 2.9854 2.8905 3.2833 
1000 1000 0 0.8054 0.8024 0.3757 5.6374 5.5816 0.9990 2.1406 2.0624 3.7878 
0 0 25 1.1365 1.1345 0.1750 8.9719 8.9196 0.5871 4.2487 4.1290 2.8978 
500 0 25 1.0077 1.0049 0.2812 7.8229 7.7648 0.7481 3.3349 3.2364 3.0410 
1000 0 25 0.8931 0.8899 0.3670 6.7694 6.7090 0.9006 2.6169 2.5350 3.2297 
0 0 50 0.9934 0.9903 0.3080 7.6754 7.6152 0.7900 3.2350 3.1361 3.1531 
500 0 50 0.8811 0.8776 0.4002 6.6567 6.5947 0.9401 2.5424 2.4601 3.3466 
1000 0 50 0.7836 0.7799 0.4736 5.7577 5.6960 1.0831 2.0111 1.9416 3.5804 
500 500 25 0.9394 0.9366 0.3046 6.9542 6.8974 0.8233 2.9054 2.8104 3.3807 
500 500 50 0.8346 0.8313 0.4068 6.0718 6.0126 0.9851 2.2878 2.2076 3.6296 
500 1000 25 0.8879 0.8851 0.3165 6.3079 6.2529 0.8792 2.6026 2.5109 3.6523 
500 1000 50 0.7978 0.7946 0.4103 5.6138 5.5570 1.0230 2.0960 2.0181 3.8616 
1000 500 25 0.8441 0.8409 0.3755 6.1328 6.0745 0.9585 2.3440 2.2640 3.5341 
1000 500 50 0.7508 0.7473 0.4712 5.3374 5.2785 1.1163 1.8514 1.7832 3.8264 
1000 1000 25 0.8054 0.8024 0.3757 5.6374 5.5816 0.9990 2.1406 2.0624 3.7878 
1000 1000 50 0.7320 0.7203 1.6207 5.0945 4.9377 3.1745 1.7124 1.6580 3.2831 
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Figure 7.2  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQCCIM 
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The plate in this example is a simply supported square plate with immovable 
edges, (𝑤 = 𝑀𝑛 = u =  v =  0) resting on the Winkler-Pasternak foundation and is 
subjected to uniformly distributed load 𝑞   ranging from 6 - 48. Selected results of some 
cases representing various foundation parameters are given in Table 7-2 and Figures 7.4, 
7.5, and 7.6. In the shown Table 7-2, the RBF and FEM results with their percentage 
errors at the center of the plate for  𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 36. 
The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 
7.4, 7.5, and 7.6 respectively. All three figures show a consistent agreement between 
RBF and FEM solutions. The RBF results compare very well with the FEM results with 
maximum relative differences of 1%, 2.7 % and 1.11% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.2 SQSSIM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 36 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 0.8090 0.8160 0.8670 4.8130 4.8911 1.6221 2.0012 2.0066 0.2664 
0 0 10 0.7045 0.7107 0.8867 4.1666 4.2390 1.7357 1.5193 1.5168 0.1662 
0 0 20 0.6110 0.6164 0.8773 3.5821 3.6475 1.8259 1.1447 1.1375 0.6228 
0 200 0 0.7672 0.7734 0.8074 4.4367 4.5169 1.8076 1.8066 1.8104 0.2112 
0 200 10 0.6751 0.6808 0.8368 3.9050 3.9785 1.8812 1.3995 1.3971 0.1732 
0 200 20 0.5914 0.5963 0.8423 3.4078 3.4741 1.9453 1.0747 1.0684 0.5846 
0 400 0 0.7333 0.7389 0.7666 4.1350 4.2175 1.9940 1.6560 1.6589 0.1773 
0 400 10 0.6506 0.6558 0.8008 3.6883 3.7631 2.0273 1.3032 1.3009 0.1729 
0 400 20 0.5744 0.5791 0.8154 3.2583 3.3255 2.0629 1.0161 1.0105 0.5503 
200 0 0 0.7007 0.7070 0.9048 4.0763 4.1562 1.9585 1.5064 1.5042 0.1415 
200 0 10 0.6077 0.6131 0.8968 3.5033 3.5754 2.0574 1.1349 1.1281 0.5968 
200 0 20 0.5279 0.5325 0.8776 3.0099 3.0745 2.1451 0.8581 0.8496 0.9951 
200 200 0 0.6715 0.6772 0.8563 3.8124 3.8938 2.1344 1.3879 1.3858 0.1471 
200 200 10 0.5882 0.5932 0.8630 3.3280 3.4012 2.1995 1.0658 1.0599 0.5572 
200 200 20 0.5152 0.5196 0.8570 2.8964 2.9619 2.2610 0.8190 0.8114 0.9298 
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200 400 0 0.6471 0.6524 0.8216 3.5939 3.6769 2.3093 1.2926 1.2907 0.1464 
200 400 10 0.5713 0.5761 0.8372 3.1776 3.2519 2.3385 1.0079 1.0026 0.5233 
200 400 20 0.5039 0.5081 0.8405 2.7957 2.8621 2.3730 0.7849 0.7780 0.8743 
400 0 0 0.6041 0.6096 0.9199 3.4140 3.4940 2.3424 1.1245 1.1182 0.5677 
400 0 10 0.5248 0.5295 0.9019 2.9329 3.0044 2.4364 0.8505 0.8423 0.9642 
400 0 20 0.4587 0.4628 0.8901 2.5332 2.5973 2.5312 0.6512 0.6430 1.2648 
400 200 0 0.5846 0.5898 0.8875 3.2374 3.3187 2.5135 1.0563 1.0507 0.5279 
400 200 10 0.5122 0.5167 0.8825 2.8188 2.8913 2.5730 0.8119 0.8046 0.8987 
400 200 20 0.4506 0.4545 0.8772 2.4599 2.5248 2.6362 0.6294 0.6219 1.1920 
400 400 0 0.5678 0.5727 0.8629 3.0859 3.1686 2.6799 0.9991 0.9942 0.4930 
400 400 10 0.5009 0.5053 0.8669 2.7176 2.7912 2.7050 0.7782 0.7716 0.8431 
400 400 20 0.4431 0.4469 0.8490 2.3931 2.4581 2.7162 0.6098 0.6030 1.1176 
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Figure 7.5  𝜎 𝑏𝑣𝑠 𝑞    on Different Foundations for SQSSIM 
 





































The plate is a clamped free at on edge square plate with immovable edges, 
(𝑤 = (𝑉𝑛 = 𝑀𝑛  𝑎𝑡 𝑓𝑟𝑒𝑒 ) = u =  v =  0) resting on the Winkler-Pasternak foundation 
in this example and subjected to uniformly distributed load 𝑞   ranging from 10-80. 
Selected results of some cases representing various foundation parameters are given in 
Table 7-3 and Figures 7.7, 7.8, and 7.9. In Table 7-3, the RBF and FEM results with their 
percentage errors at the free edge of the plate for  𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   are presented only at 
load 𝑞  = 80. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are 
provided in Figures 7.7, 7.8, and 7.9 respectively. All three figures show a good 
agreement between RBF and FEM solutions. The RBF results compare very well with the 
FEM results with maximum relative differences of 5%, 5.7 % and 5.7% for 𝑤, 𝜎𝑏  and 𝜎𝑚  
respectively. 
Table 7.3 SQCF1IM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 80 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.183 1.155 2.423 0.199 0.203 2.483 2.153 2.207 2.483 
0 0 10 1.118 1.086 2.885 0.176 0.181 2.970 1.929 1.986 2.970 
0 0 20 1.057 1.008 4.584 0.156 0.164 4.804 1.728 1.811 4.804 
0 200 0 1.087 1.061 2.366 0.147 0.151 2.423 1.832 1.876 2.423 
0 200 10 1.035 1.013 2.187 0.133 0.136 2.236 1.664 1.701 2.236 
0 200 20 0.986 0.963 2.301 0.121 0.123 2.355 1.511 1.546 2.355 
0 400 0 1.016 0.993 2.251 0.114 0.116 2.302 1.615 1.652 2.302 
0 400 10 0.973 0.940 3.416 0.104 0.108 3.537 1.480 1.532 3.537 
0 400 20 0.931 0.943 1.238 0.096 0.095 1.223 1.355 1.339 1.223 
200 0 0 1.071 1.030 3.825 0.154 0.161 3.978 1.771 1.841 3.978 
200 0 10 1.011 0.971 3.971 0.136 0.142 4.136 1.582 1.648 4.136 
200 0 20 0.955 0.924 3.255 0.121 0.125 3.364 1.416 1.463 3.364 
200 200 0 0.995 0.977 1.745 0.117 0.119 1.776 1.539 1.567 1.776 
200 200 10 0.946 0.928 1.909 0.106 0.108 1.946 1.394 1.421 1.946 
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200 200 20 0.900 0.881 2.035 0.095 0.097 2.077 1.263 1.289 2.077 
200 400 0 0.937 0.920 1.821 0.092 0.094 1.855 1.376 1.402 1.855 
200 400 10 0.896 0.910 1.544 0.084 0.083 1.520 1.258 1.239 1.520 
200 400 20 0.857 0.868 1.334 0.077 0.076 1.317 1.149 1.134 1.317 
400 0 0 0.966 0.934 3.299 0.118 0.122 3.412 1.447 1.496 3.412 
400 0 10 0.911 0.862 5.372 0.104 0.110 5.676 1.292 1.365 5.676 
400 0 20 0.861 0.830 3.637 0.092 0.095 3.774 1.156 1.200 3.774 
400 200 0 0.907 0.896 1.213 0.092 0.093 1.228 1.284 1.300 1.228 
400 200 10 0.862 0.847 1.761 0.082 0.084 1.793 1.161 1.182 1.793 
400 200 20 0.820 0.795 3.021 0.074 0.076 3.115 1.052 1.084 3.115 
400 400 0 0.861 0.876 1.673 0.073 0.072 1.646 1.166 1.147 1.646 
400 400 10 0.823 0.809 1.704 0.066 0.068 1.734 1.063 1.082 1.734 
400 400 20 0.786 0.767 2.396 0.061 0.062 2.454 0.971 0.994 2.454 
 
 





















Figure 7.8  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQCF1IM 
 
































A simply free at one edge supported square plate with immovable edges, (𝑤 =
(𝑉𝑛  𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 = 𝑀𝑛𝑎𝑡  𝑠𝑖𝑚𝑝𝑙𝑒) = u =  v =  0) resting on the Winkler-Pasternak 
foundation is provided in this example and subjected to uniformly distributed load 𝑞   
ranging from 3-24. The selected results of some cases representing various foundation 
parameters are given in Table 7-4 and Figures 7.10, 7.11, and 7.12. In the shown Table 7-
4, the RBF and FEM results with their percentage errors at the free edge of the plate for 
 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 18. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 ,
𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are provided in Figures 7.10, 7.11, and 7.12 
respectively. All three figures show a good agreement between RBF and FEM solutions. 
The RBF results compare very well with the FEM results with maximum relative 
differences of 4.8%, 4.6 % and 4.4% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.4 SQSF1IM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 18 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 0.8402 0.8571 2.0031 0.0482 0.0473 1.9637 1.1048 1.0853 1.7677 
0 0 10 0.7386 0.7550 2.2189 0.0366 0.0359 2.1707 0.8452 0.8285 1.9750 
0 0 20 0.6482 0.6637 2.3990 0.0281 0.0274 2.3428 0.6472 0.6333 2.1475 
0 25 0 0.8274 0.8499 2.7123 0.0449 0.0437 2.6407 1.0738 1.0476 2.4460 
0 25 10 0.7296 0.7517 3.0239 0.0345 0.0335 2.9352 0.8259 0.8033 2.7410 
0 25 20 0.6421 0.6633 3.2993 0.0268 0.0259 3.1939 0.6355 0.6165 3.0003 
0 50 0 0.8154 0.8406 3.0951 0.0418 0.0405 3.0022 1.0451 1.0157 2.8082 
0 50 10 0.7211 0.7461 3.4690 0.0325 0.0314 3.3527 0.8078 0.7823 3.1594 
0 50 20 0.6363 0.6605 3.8043 0.0255 0.0246 3.6649 0.6245 0.6028 3.4722 
25 0 0 0.8132 0.8453 3.9402 0.0434 0.0417 3.7908 1.0360 0.9987 3.5984 
25 0 10 0.7136 0.7449 4.3797 0.0328 0.0314 4.1959 0.7897 0.7581 4.0043 
25 0 20 0.6259 0.6557 4.7625 0.0251 0.0239 4.5460 0.6040 0.5777 4.3551 
25 25 0 0.8014 0.8282 3.3439 0.0404 0.0391 3.2357 1.0082 0.9775 3.0422 
25 25 10 0.7054 0.7317 3.7246 0.0309 0.0298 3.5909 0.7727 0.7464 3.3981 
  
123 
25 25 20 0.6204 0.6456 4.0606 0.0239 0.0230 3.9021 0.5939 0.5718 3.7099 
25 50 0 0.7902 0.8159 3.2523 0.0376 0.0364 3.1498 0.9823 0.9533 2.9561 
25 50 10 0.6976 0.7230 3.6356 0.0292 0.0281 3.5080 0.7566 0.7316 3.3151 
25 50 20 0.6151 0.6400 4.0580 0.0228 0.0219 3.8997 0.5842 0.5625 3.7075 
50 0 0 0.7865 0.8137 3.4575 0.0388 0.0375 3.3420 0.9701 0.9396 3.1487 
50 0 10 0.6892 0.7155 3.8213 0.0292 0.0281 3.6807 0.7373 0.7116 3.4880 
50 0 20 0.6043 0.6296 4.1814 0.0223 0.0214 4.0136 0.5636 0.5421 3.8216 
50 25 0 0.7756 0.8016 3.3606 0.0361 0.0350 3.2513 0.9453 0.9164 3.0578 
50 25 10 0.6817 0.7071 3.7293 0.0276 0.0266 3.5953 0.7223 0.6977 3.4024 
50 25 20 0.5993 0.6217 3.7322 0.0213 0.0205 3.5979 0.5547 0.5358 3.4051 
50 50 0 0.7652 0.7902 3.2712 0.0337 0.0326 3.1675 0.9221 0.8947 2.9739 
50 50 10 0.6745 0.6991 3.6437 0.0260 0.0251 3.5156 0.7081 0.6846 3.3227 
50 50 20 0.5945 0.6096 2.5539 0.0203 0.0198 2.4903 0.5462 0.5337 2.2953 
 
 






















Figure 7.11 𝜎 𝑏   𝑣𝑠 𝑞  on Different Foundations for SQSF1IM 
 

































The plate in this example is a clamped free at two edge supported square plate 
with immovable edges, (𝑤 = (𝑉𝑛 = 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 ) = u =  v =  0) resting on the 
Winkler-Pasternak foundation and subjected to uniformly distributed load 𝑞   ranging 
from 10-80. The selected results of some cases representing various foundation 
parameters are given in Table 7-5 and Figures 7.13, 7.14, and 7.15. In the shown Table 7-
5, the RBF and FEM results with their percentage errors at the free edge of the plate for 
𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   are presented only at load 𝑞  = 80. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 ,
𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are provided in Figures 7.13, 7.14, and 7.15 
respectively. All three figures show a good agreement between RBF and FEM solutions. 
The RBF results compare very well with the FEM results with maximum relative 
differences of 3.4%, 3.3 % and 3% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.5 SQCFIM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 80 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.174 1.184 0.829 9.683 9.604 0.822 0.201 0.200 0.624 
0 0 10 1.113 1.136 2.064 8.954 8.773 2.023 0.193 0.190 1.827 
0 0 20 1.054 1.075 1.994 8.280 8.118 1.955 0.185 0.181 1.759 
0 200 0 1.076 1.106 2.732 8.514 8.287 2.659 0.185 0.181 2.464 
0 200 10 1.027 1.056 2.790 7.953 7.737 2.714 0.178 0.174 2.519 
0 200 20 0.980 1.008 2.841 7.429 7.223 2.762 0.170 0.166 2.568 
0 400 0 1.007 1.032 2.491 7.696 7.509 2.430 0.173 0.169 2.235 
0 400 10 0.965 0.990 2.548 7.238 7.058 2.485 0.166 0.163 2.290 
0 400 20 0.925 0.949 2.600 6.808 6.635 2.534 0.159 0.156 2.339 
200 0 0 1.061 1.095 3.248 8.555 8.286 3.146 0.173 0.168 2.953 
200 0 10 1.004 1.037 3.284 7.888 7.638 3.180 0.166 0.161 2.986 
200 0 20 0.950 0.982 3.308 7.281 7.048 3.202 0.158 0.153 3.009 
200 200 0 0.984 1.013 2.893 7.651 7.436 2.812 0.161 0.157 2.617 
200 200 10 0.938 0.966 2.939 7.125 6.922 2.856 0.154 0.150 2.661 
  
126 
200 200 20 0.894 0.921 2.976 6.640 6.448 2.890 0.147 0.143 2.696 
200 400 0 0.928 0.953 2.654 6.994 6.813 2.585 0.151 0.148 2.390 
200 400 10 0.888 0.912 2.703 6.559 6.387 2.631 0.145 0.142 2.437 
200 400 20 0.850 0.874 2.744 6.154 5.990 2.670 0.139 0.135 2.476 
400 0 0 0.955 0.987 3.366 7.520 7.275 3.256 0.148 0.144 3.063 
400 0 10 0.903 0.934 3.380 6.923 6.697 3.269 0.142 0.137 3.076 
400 0 20 0.856 0.885 3.380 6.388 6.179 3.270 0.135 0.130 3.076 
400 200 0 0.897 0.924 3.035 6.837 6.636 2.946 0.139 0.135 2.752 
400 200 10 0.854 0.880 3.066 6.354 6.165 2.974 0.133 0.129 2.780 
400 200 20 0.814 0.839 3.084 5.914 5.738 2.992 0.127 0.123 2.798 
400 400 0 0.852 0.876 2.804 6.321 6.149 2.728 0.132 0.128 2.533 
400 400 10 0.815 0.838 2.839 5.915 5.751 2.761 0.126 0.123 2.566 
400 400 20 0.780 0.802 2.864 5.541 5.387 2.784 0.120 0.117 2.589 
 
 





















Figure 7.14  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQCFIM 
 




































A simply free at two edges supported square plate with immovable edges, 
(𝑤 =  (𝑉𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 = 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 𝑎𝑛𝑑 𝑠𝑖𝑚𝑝𝑙𝑒) = u =  v =  0) resting on the Winkler-
Pasternak foundation is presented in this example and subjected to uniformly distributed 
load 𝑞   ranging from 3-24. The selected results of some cases representing various 
foundation parameters are given in Table 7-6 and Figures 7.16, 7.17, and 7.18. In the 
shown Table 7-6, the RBF and FEM results with their percentage errors at the free edge 
of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 18. The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are provided in Figures 7.16, 7.17, 
and 7.18 respectively. All three figures show a reasonable agreement between RBF and 
FEM solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 5.8%, 5.8 % and 6% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.6 SQSFIM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 18 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 0.8343 0.7964 4.5429 4.5044 4.7187 4.7591 0.1873 0.1966 4.9687 
0 0 10 0.7398 0.7025 5.0398 3.8479 4.0521 5.3073 0.1514 0.1598 5.5179 
0 0 20 0.6543 0.6182 5.5102 3.2912 3.4831 5.8315 0.1214 0.1288 6.0431 
0 25 0 0.8205 0.7839 4.4546 4.3893 4.5940 4.6622 0.1824 0.1913 4.8716 
0 25 10 0.7297 0.6936 4.9474 3.7690 3.9652 5.2049 0.1481 0.1561 5.4153 
0 25 20 0.6472 0.6132 5.2466 3.2386 3.4179 5.5371 0.1192 0.1261 5.7482 
0 50 0 0.8076 0.7723 4.3699 4.2830 4.4787 4.5696 0.1779 0.1865 4.7788 
0 50 10 0.7202 0.6852 4.8607 3.6953 3.8841 5.1091 0.1449 0.1527 5.3193 
0 50 20 0.6404 0.6085 4.9848 3.1889 3.3562 5.2463 0.1171 0.1235 5.4568 
25 0 0 0.8066 0.7705 4.4842 4.3054 4.5076 4.6947 0.1766 0.1852 4.9041 
25 0 10 0.7139 0.6783 4.9764 3.6722 3.8645 5.2370 0.1421 0.1499 5.4475 
25 0 20 0.6308 0.5987 5.0831 3.1404 3.3086 5.3554 0.1137 0.1200 5.5661 
25 25 0 0.7938 0.7589 4.3978 4.2006 4.3938 4.6001 0.1722 0.1805 4.8093 
25 25 10 0.7047 0.6702 4.8895 3.6012 3.7863 5.1408 0.1391 0.1466 5.3511 
  
129 
25 25 20 0.6244 0.5914 5.2802 3.0935 3.2660 5.5745 0.1117 0.1182 5.7857 
25 50 0 0.7819 0.7481 4.3160 4.1033 4.2884 4.5107 0.1681 0.1760 4.7197 
25 50 10 0.6960 0.6625 4.8135 3.5346 3.7134 5.0569 0.1363 0.1435 5.2670 
25 50 20 0.6183 0.5986 3.1862 3.0490 3.2581 3.5782 0.1099 0.1146 4.2766 
50 0 0 0.7792 0.7448 4.4205 4.1114 4.3016 4.6249 0.1662 0.1743 4.8342 
50 0 10 0.6885 0.6546 4.9165 3.5026 3.6837 5.1707 0.1333 0.1404 5.3810 
50 0 20 0.6080 0.5815 4.3586 2.9962 3.0873 3.0406 0.1063 0.1098 3.293 
50 25 0 0.7674 0.7342 4.3367 4.0162 4.1982 4.5333 0.1622 0.1699 4.7423 
50 25 10 0.6801 0.6472 4.8432 3.4389 3.6139 5.0897 0.1306 0.1375 5.2999 
50 25 20 0.6023 0.5759 4.3832 2.9544 3.0595 3.5574 0.1046 0.1067 2.0076 
50 50 0 0.7564 0.7242 4.2572 3.9277 4.1023 4.4465 0.1585 0.1659 4.6553 
50 50 10 0.6722 0.6402 4.7572 3.3790 3.5477 4.9948 0.1281 0.1348 5.2048 
50 50 20 0.5967 0.5618 5.8488 2.9147 3.0705 5.3453 0.1030 0.1078 4.6602 
 
 























Figure 7.17  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQSFIM 
 







































7.2.2 WPF Movable Square Plates  
 SQSSMO 




= 0), resting on the Winkler-Pasternak foundation and subjected to uniformly 
distributed load q   ranging from 5 - 40. The selected results of some cases representing 
various foundation parameters are given in Table 7-7 and Figures 7.19, 7.20, and 7.21. In 
the shown Table 7-7, the RBF and FEM results with their percentage errors at the center 
of the plate for  𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 40.  The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 7.19, 7.20, and 
7.21 respectively. All three figures show excellent agreement between RBF and FEM 
solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 1.8%, 1.6 % and 2.3% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.7 SQSSMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 40 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.3619 1.3508 0.8163 7.7815 7.6551 1.6511 1.6611 1.6359 1.5383 
200 0 0 1.0341 1.0312 0.2816 5.9414 5.8956 0.7771 0.9590 0.9586 0.0402 
400 0 0 0.8044 0.8093 0.6027 4.5326 4.5575 0.5469 0.5896 0.5831 1.1188 
200 200 0 0.9078 0.9073 0.0467 5.0130 4.9992 0.2777 0.7219 0.7252 0.4521 
200 400 0 0.8347 0.8333 0.1720 4.4777 4.4571 0.4638 0.5978 0.6006 0.4683 
400 200 0 0.7489 0.7488 0.0253 4.0960 4.0876 0.2060 0.4880 0.4894 0.2819 
400 400 0 0.7038 0.7060 0.3151 3.7456 3.7553 0.2584 0.4287 0.4281 0.1468 
0 0 10 1.0404 1.0373 0.2992 6.0838 6.0361 0.7914 0.9827 0.9822 0.0508 
200 0 10 0.8095 0.8145 0.6146 4.6535 4.6798 0.5616 0.6059 0.5989 1.1756 
400 0 10 0.6607 0.6604 0.0545 3.7046 3.6975 0.1931 0.3846 0.3856 0.2797 
0 0 20 0.8185 0.8195 0.1196 4.7874 4.7878 0.0097 0.6127 0.6134 0.1125 
  
132 
200 0 20 0.6638 0.6646 0.1208 3.7934 3.7948 0.0369 0.3959 0.3959 0.0158 
400 0 20 0.5537 0.5544 0.1348 3.0708 3.0732 0.0785 0.2693 0.2692 0.0296 
200 200 10 0.7537 0.7535 0.0219 4.2163 4.2084 0.1869 0.5018 0.5032 0.2826 
200 200 20 0.6319 0.6334 0.2369 3.5369 3.5435 0.1884 0.3553 0.3548 0.1233 
200 400 10 0.7238 0.7104 1.8874 3.9810 3.8753 2.7266 0.4305 0.4407 2.2933 
200 400 20 0.6089 0.6086 0.0428 3.3506 3.3447 0.1767 0.3233 0.3239 0.1909 
400 200 10 0.6261 0.6294 0.5289 3.4274 3.4469 0.5665 0.3469 0.3454 0.4438 
400 200 20 0.5357 0.5376 0.3613 2.9224 2.9335 0.3791 0.2512 0.2506 0.2353 
400 400 10 0.6086 0.6049 0.6188 3.2800 3.2483 0.9744 0.3126 0.3151 0.7857 
400 400 20 0.5255 0.5233 0.4282 2.8331 2.8142 0.6722 0.2340 0.2352 0.4879 
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Figure 7.20  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQSSMO 
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= 0)  resting on the Winkler-Pasternak foundation is considered. The plate 
is subjected to uniformly distributed load q   ranging from 20 -160. The selected results of 
some cases representing various foundation parameters are given in Table 7-8 and 
Figures 7.22, 7.23, and 7.24. In the shown Table 7-8, the RBF and FEM results with their 
percentage errors at the center of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 
𝑞  = 160.  The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are 
provided in Figures 7.22, 7.23, and 7.24 respectively. All three figures show a good 
agreement between RBF and FEM solutions. The RBF results compare very well with the 
FEM results with maximum relative differences of 3.7%, 4.5 % and 4% for 𝑤, 𝜎𝑏  and 𝜎𝑚  
respectively. 
Table 7.8 SQCCMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 160 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.602 1.573 1.818 13.039 12.740 2.297 3.692 3.655 1.014 
0 0 25 1.281 1.283 0.113 10.398 10.549 1.452 2.328 2.333 0.215 
0 0 50 1.040 1.033 0.677 8.237 8.252 0.182 1.492 1.475 1.108 
0 500 0 1.300 1.296 0.290 9.834 9.942 1.098 2.341 2.337 0.136 
0 500 25 1.108 1.114 0.549 8.426 8.639 2.527 1.679 1.643 2.143 
0 500 50 0.944 0.939 0.550 7.101 7.155 0.756 1.194 1.188 0.507 
0 1000 0 1.152 1.145 0.599 8.202 8.288 1.051 1.781 1.788 0.412 
0 1000 25 1.008 1.016 0.768 7.281 7.532 3.434 1.353 1.333 1.475 
0 1000 50 0.880 0.878 0.229 6.349 6.454 1.662 1.014 1.008 0.546 
500 0 0 1.317 1.327 0.758 10.793 11.056 2.440 2.496 2.482 0.552 
500 0 25 1.064 1.060 0.415 8.504 8.539 0.408 1.584 1.568 1.018 
500 0 50 0.880 0.882 0.263 6.778 6.901 1.821 1.044 1.020 2.329 
  
135 
500 500 0 1.130 1.129 0.090 8.615 8.729 1.328 1.766 1.757 0.500 
500 500 25 0.961 0.955 0.628 7.244 7.281 0.523 1.249 1.251 0.137 
500 500 50 0.822 0.820 0.271 6.065 6.145 1.320 0.890 0.884 0.712 
500 1000 0 1.024 1.017 0.710 7.368 7.423 0.750 1.407 1.415 0.584 
500 1000 25 0.893 0.900 0.766 6.420 6.637 3.368 1.051 1.037 1.392 
500 1000 50 0.779 0.780 0.127 5.543 5.673 2.351 0.784 0.778 0.836 
1000 0 0 1.092 1.098 0.515 8.823 8.986 1.844 1.694 1.651 2.522 
1000 0 25 0.898 0.895 0.282 6.966 7.021 0.789 1.102 1.094 0.712 
1000 0 50 0.756 0.751 0.689 5.624 5.651 0.471 0.752 0.750 0.234 
1000 500 0 0.979 0.974 0.542 7.410 7.456 0.614 1.313 1.319 0.390 
1000 500 25 0.836 0.832 0.386 6.171 6.235 1.042 0.928 0.927 0.130 
1000 500 50 0.721 0.719 0.266 5.172 5.248 1.486 0.670 0.667 0.489 
1000 1000 0 0.907 0.903 0.453 6.502 6.580 1.202 1.094 1.097 0.293 
1000 1000 25 0.790 0.761 3.687 5.597 5.347 4.466 0.812 0.844 3.920 
1000 1000 50 0.693 0.683 1.308 4.813 4.808 0.120 0.608 0.613 0.821 
 
 























Figure 7.23  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQCCMO 
 








































The plate is a simple free at on edge supported square plate with movable edges, 
(𝑤 = (𝑉𝑛  𝑎𝑛𝑑 𝑀𝑛  𝑎𝑡 𝑓𝑟𝑒𝑒 = 𝑀𝑛  𝑎𝑡  𝑠𝑖𝑚𝑝𝑙𝑒) = F =  
∂F
∂n
=  0) resting on the Winkler-
Pasternak foundation in this example. It is subjected to uniformly distributed load 𝑞   
ranging from 1.5-12. The selected results of some cases representing various foundation 
parameters are given in Table 7-9 and Figures 7.25, and 7.26. In the shown Table 7-9, the 
RBF and FEM results with their percentage errors at the free edge of the plate for 
𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 12. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝑎𝑛𝑑 𝜎 𝑏   at 
the free edge of the plate are provided in Figures 7.25 and 7.26 respectively. Both two 
figures show a good agreement between RBF and FEM solutions. The RBF results 
compare very well with the FEM results with maximum relative differences of 3.4%, 3.4 
% and 3.6% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.9 SQSF1MO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 12 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.688 1.667 1.255 0.0345 0.0349 1.2714 0.0124 0.0126 1.4739 
0 0 10 0.966 0.956 1.010 0.0187 0.0189 1.0200 0.0039 0.0039 1.2221 
0 0 20 0.674 0.662 1.710 0.0123 0.0125 1.7400 0.0018 0.0019 1.9435 
0 20 0 1.443 1.442 0.013 0.0213 0.0213 0.0133 0.0080 0.0080 0.2134 
0 20 10 0.924 0.915 0.939 0.0156 0.0158 0.9476 0.0033 0.0034 1.1495 
0 20 20 0.662 0.652 1.489 0.0113 0.0115 1.5116 0.0017 0.0017 1.7146 
0 40 0 1.310 1.290 1.550 0.0142 0.0144 1.5744 0.0060 0.0061 1.7775 
0 40 10 0.891 0.887 0.423 0.0131 0.0132 0.4247 0.0030 0.0030 0.6255 
0 40 20 0.651 0.648 0.583 0.0104 0.0104 0.5863 0.0016 0.0016 0.7875 
20 0 0 1.461 1.450 0.729 0.0279 0.0281 0.7342 0.0089 0.0090 0.9356 
20 0 10 0.882 0.853 3.285 0.0156 0.0161 3.3966 0.0031 0.0032 3.6034 
20 0 20 0.630 0.622 1.298 0.0105 0.0107 1.3154 0.0015 0.0016 1.5180 
20 20 0 1.300 1.302 0.168 0.0184 0.0184 0.1677 0.0063 0.0063 0.0319 
20 20 10 0.852 0.847 0.531 0.0133 0.0133 0.5340 0.0027 0.0028 0.7351 
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20 20 20 0.621 0.642 3.360 0.0097 0.0094 3.2509 0.0015 0.0014 3.0574 
20 40 0 1.201 1.181 1.659 0.0127 0.0129 1.6866 0.0049 0.0050 1.8900 
20 40 10 0.826 0.824 0.238 0.0113 0.0113 0.2387 0.0024 0.0025 0.4391 
20 40 20 0.613 0.607 0.888 0.0090 0.0090 0.8958 0.0014 0.0014 1.0976 
40 0 0 1.284 1.281 0.240 0.0224 0.0224 0.2401 0.0066 0.0066 0.4406 
40 0 10 0.811 0.806 0.603 0.0130 0.0130 0.6062 0.0025 0.0025 0.8074 
40 0 20 0.592 0.587 0.883 0.0089 0.0090 0.8907 0.0013 0.0013 1.0924 
40 20 0 1.176 1.179 0.259 0.0156 0.0156 0.2582 0.0050 0.0050 0.0587 
40 20 10 0.788 0.786 0.327 0.0112 0.0112 0.3285 0.0023 0.0023 0.5291 
40 20 20 0.585 0.579 0.886 0.0083 0.0084 0.8936 0.0012 0.0013 1.0954 
40 40 0 1.103 1.083 1.774 0.0111 0.0113 1.8058 0.0040 0.0041 2.0094 
40 40 10 0.769 0.772 0.482 0.0096 0.0096 0.4797 0.0021 0.0021 0.2807 
40 40 20 0.578 0.566 2.122 0.0077 0.0078 2.1676 0.0012 0.0012 2.3719 
 
 























Figure 7.26  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQSF1MO 
 
 SQCF1MO 
A clamped free at one edge supported square plate with movable edges, (𝑤 =
 (𝑉𝑛𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 ) = F =  
∂F
∂n
=  0) resting on the Winkler-Pasternak foundation is 
presented in this example. It is subjected to uniformly distributed load 𝑞   ranging from 5-
40. The selected results of some cases representing various foundation parameters are 
given in Table 7-10 and Figures 7.27, 7.28, and 7.29. In Table 7-10, the RBF and FEM 
results with their percentage errors at the free edge of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are 
presented only at load 𝑞  = 40. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the free edge 
of the plate are provided in Figures 7.27, 7.28, and 7.29 respectively. All three figures 





















well with the FEM results with maximum relative differences of 5.7%, 6 % and 6.3% for 
𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.10 SQCF1MO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 40 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.302 1.282 1.543 0.129 0.133 3.100 0.0194 0.0201 3.6083 
0 0 10 1.062 1.042 1.888 0.095 0.098 3.1578 0.0121 0.0126 4.1322 
0 0 20 0.898 0.885 1.475 0.074 0.077 4.054 0.0082 0.0086 4.878 
0 200 0 1.036 0.997 3.816 0.075 0.078 3.968 0.0096 0.0100 4.1758 
0 200 10 0.910 0.872 4.230 0.064 0.066 4.417 0.0074 0.0077 4.6255 
0 200 20 0.806 0.767 4.867 0.054 0.057 5.116 0.0057 0.0061 5.3258 
0 400 0 0.916 0.876 4.371 0.053 0.055 4.571 0.0062 0.0065 4.7801 
0 400 10 0.827 0.786 4.925 0.047 0.050 5.180 0.0053 0.0055 5.3901 
0 400 20 0.748 0.719 3.875 0.043 0.044 4.031 0.0044 0.0046 4.2392 
200 0 0 0.928 0.884 4.773 0.077 0.081 5.012 0.0084 0.0088 5.2218 
200 0 10 0.795 0.759 4.530 0.060 0.063 4.745 0.0058 0.0061 4.9542 
200 0 20 0.697 0.664 4.816 0.048 0.051 5.060 0.0043 0.0045 5.2703 
200 200 0 0.824 0.796 3.412 0.055 0.057 3.533 0.0055 0.0057 3.7397 
200 200 10 0.731 0.692 5.382 0.046 0.048 5.688 0.0043 0.0045 5.8996 
200 200 20 0.656 0.631 3.867 0.039 0.041 4.022 0.0034 0.0035 4.2303 
200 400 0 0.760 0.739 2.687 0.042 0.043 2.762 0.0040 0.0041 2.9671 
200 400 10 0.687 0.669 2.634 0.037 0.038 2.706 0.0033 0.0034 2.9110 
200 400 20 0.625 0.608 2.734 0.032 0.033 2.811 0.0028 0.0029 3.0170 
400 0 0 0.713 0.689 3.363 0.048 0.050 3.480 0.0041 0.0042 3.6869 
400 0 10 0.630 0.594 5.718 0.039 0.041 6.065 0.0031 0.0032 6.2771 
400 0 20 0.566 0.550 2.985 0.032 0.033 3.077 0.0024 0.0025 3.2833 
400 200 0 0.667 0.635 4.823 0.038 0.040 5.067 0.0031 0.0033 5.2775 
400 200 10 0.600 0.586 2.407 0.032 0.033 2.467 0.0025 0.0026 2.6715 
400 200 20 0.546 0.538 1.553 0.027 0.028 1.578 0.0020 0.0021 1.7809 
400 400 0 0.633 0.622 1.738 0.031 0.032 1.768 0.0024 0.0025 1.9718 
400 400 10 0.577 0.571 1.043 0.027 0.027 1.054 0.0021 0.0021 1.2558 





Figure 7.27  𝑤  𝑣𝑠 𝑞  on Different Foundations for SQCF1MO 
 







































Figure 7.29  𝜎 𝑚  𝑣𝑠 𝑞   on Different Foundations for SQCF1MO 
 SQSFMO 
In this example, the plate is a simple free at two edges supported square plate with 
movable edges, (𝑤 = (𝑉𝑛  𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 = 𝑀𝑛  𝑎𝑡  𝑠𝑖𝑚𝑝𝑙𝑒) = F =  
∂F
∂n
=  0) resting on 
the Winkler-Pasternak foundation. It is subjected to uniformly distributed load 𝑞   ranging 
from 1.5-12. The selected results of some cases representing various foundation 
parameters are given in Table 7-11 and Figures 7.30, and 7.31. In the shown Table 7-11, 
the RBF and FEM results with their percentage errors at the free edge of the plate for 
𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 12. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝑎𝑛𝑑𝜎 𝑏  at 
the free edge of the plate are provided in Figures 7.30, and 7.31 respectively. Both two 

















compare very well with the FEM results with maximum relative differences of 4.6%, 4.6 
% and 6.5% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.11 SQSFMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 12 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  
K K1 G1 FEM RBF Error 
% 
FEM RBF Error 
% 
FEM RBF Error 
% 0 0 0 1.871 1.800 3.795 8.926 8.559 4.112 1.177 1.138 3.314 
0 0 10 1.017 0.975 4.129 4.783 4.565 4.558 0.428 0.447 4.439 
0 0 20 0.701 0.684 2.355 3.248 3.203 1.397 0.215 0.225 4.406 
0 20 0 1.457 1.392 4.4612 6.830 6.617 3.119 0.761 0.800 5.093 
0 20 10 0.954 0.932 2.277 4.453 4.376 1.728 0.375 0.394 4.853 
0 20 20 0.685 0.666 2.678 3.160 3.108 1.673 0.204 0.215 5.142 
0 40 0 1.292 1.241 3.977 5.992 5.784 3.468 0.608 0.632 3.947 
0 40 10 0.908 0.885 2.480 4.211 4.132 1.887 0.339 0.357 5.310 
0 40 20 0.670 0.651 2.832 3.083 3.028 1.779 0.195 0.206 5.507 
20 0 0 1.558 1.494 4.1078 7.404 7.143 3.525 0.871 0.864 0.770 
20 0 10 0.916 0.887 3.149 4.286 4.172 2.658 0.350 0.370 5.849 
20 0 20 0.650 0.642 1.335 2.999 2.995 0.148 0.185 0.191 3.391 
20 20 0 1.308 1.255 4.050 6.125 5.855 4.408 0.631 0.668 5.864 
20 20 10 0.872 0.847 2.898 4.055 3.960 2.321 0.315 0.328 4.127 
20 20 20 0.638 0.613 3.918 2.932 2.701 7.864 0.177 0.186 5.085 
20 40 0 1.185 1.152 2.734 5.493 5.372 2.196 0.522 0.555 6.434 
20 40 10 0.838 0.854 1.893 3.874 3.986 2.884 0.290 0.292 0.925 
20 40 20 0.627 0.609 2.816 2.872 2.825 1.611 0.170 0.179 5.292 
40 0 0 1.334 1.295 2.924 6.308 6.103 3.250 0.664 0.673 1.322 
40 0 10 0.832 0.817 1.866 3.874 3.828 1.203 0.290 0.304 5.106 
40 0 20 0.606 0.596 1.712 2.782 2.772 0.372 0.160 0.166 3.746 
40 20 0 1.177 1.123 4.618 5.499 5.264 4.271 0.522 0.544 4.215 
40 20 10 0.801 0.783 2.255 3.709 3.652 1.539 0.267 0.285 6.660 
40 20 20 0.597 0.590 1.233 2.730 2.736 0.202 0.155 0.160 3.450 
40 40 0 1.086 1.062 2.249 5.029 4.943 1.719 0.445 0.466 4.719 
40 40 10 0.776 0.762 1.777 3.573 3.539 0.965 0.249 0.265 6.535 





Figure 7.30  𝑤  𝑣𝑠 𝑞  on Different Foundations for SQSFMO 
 
 














































The plate in this example is a clamped free at two edges supported square plate 
with movable edges, (𝑤 =  (𝑉𝑛𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑓𝑟𝑒𝑒 ) = F =  
∂F
∂n
=  0) resting on the 
Winkler-Pasternak foundation. It is subjected to uniformly distributed load 𝑞   ranging 
from 5-40. The selected results of some cases representing various foundation parameters 
are given in Table 7-12 and Figures 7.32, 7.33, and 7.34. In the shown Table 7-12, the 
RBF and FEM results with their percentage errors at the free edge of the plate for 
𝑤 ,𝜎 𝑏𝑎𝑛𝑑 𝜎 𝑚     are presented only at load 𝑞  = 40. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 ,
𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are provided in Figures 7.32, 7.33, and 7.34 
respectively. All three figures show a reasonable agreement between RBF and FEM 
solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 8%, less than 8 % and 8% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.12 SQCFMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 40 
Foundation 
Parameters 
𝑤  𝜎 𝑏  
𝜎 𝑚  









0 0 0 1.242 1.340 7.880 10.346 9.590 7.304 0.861 0.799 7.119 
0 0 10 1.026 1.090 6.198 8.229 7.748 5.836 0.618 0.583 5.648 
0 0 20 0.877 0.930 6.009 6.797 6.411 5.668 0.464 0.438 5.480 
0 200 0 0.984 1.030 4.682 7.880 7.528 4.473 0.525 0.502 4.282 
0 200 10 0.876 0.918 4.833 6.813 6.499 4.610 0.433 0.414 4.419 
0 200 20 0.784 0.810 3.243 5.934 5.748 3.141 0.358 0.347 2.947 
0 400 0 0.875 0.909 3.947 6.834 6.575 3.797 0.403 0.388 3.605 
0 400 10 0.797 0.829 4.047 6.069 5.833 3.890 0.348 0.335 3.698 
0 400 20 0.727 0.750 3.138 5.406 5.241 3.043 0.299 0.290 2.849 
200 0 0 0.884 0.944 6.749 7.166 6.713 6.323 0.444 0.417 6.135 
200 0 10 0.768 0.816 6.285 5.995 5.640 5.913 0.343 0.324 5.725 
200 0 20 0.680 0.715 5.195 5.134 4.881 4.938 0.273 0.260 4.748 
200 200 0 0.787 0.828 5.164 6.215 5.910 4.911 0.339 0.323 4.721 
200 200 10 0.707 0.743 5.168 5.406 5.140 4.914 0.281 0.268 4.724 
200 200 20 0.640 0.675 5.506 4.751 4.503 5.219 0.235 0.223 5.029 
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200 400 0 0.729 0.759 4.212 5.642 5.414 4.042 0.282 0.271 3.850 
200 400 10 0.665 0.693 4.181 5.004 4.803 4.013 0.242 0.233 3.821 
200 400 20 0.609 0.629 3.267 4.466 4.325 3.164 0.208 0.202 2.970 
400 0 0 0.683 0.720 5.419 5.374 5.097 5.140 0.259 0.246 4.951 
400 0 10 0.610 0.643 5.404 4.634 4.397 5.127 0.210 0.200 4.937 
400 0 20 0.553 0.580 4.958 4.064 3.872 4.724 0.174 0.167 4.534 
400 200 0 0.641 0.678 5.749 4.956 4.687 5.437 0.222 0.210 5.248 
400 200 10 0.582 0.607 4.298 4.358 4.179 4.121 0.187 0.179 3.929 
400 200 20 0.533 0.558 4.605 3.874 3.704 4.402 0.159 0.152 4.211 
400 400 0 0.610 0.640 4.954 4.648 4.428 4.720 0.196 0.187 4.530 
400 400 10 0.560 0.608 8.498 4.140 3.816 7.832 0.169 0.156 7.648 
400 400 20 0.517 0.530 2.505 3.716 3.626 2.443 0.147 0.143 2.248 
 
 






















Figure 7.33  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for SQCFMO 
 








































7.2.3 WPF Immovable Circular Plates  
 CICCIM 




= u =  v =  0) resting on the Winkler-Pasternak foundation. It is 
subjected to uniformly distributed load q   ranging from 2 -12. The selected results of 
some cases representing various foundation parameters are given in Table 7-13 and 
Figures 7.35, 7.36, and 7.37. In the shown Table 7-13, the RBF and FEM results with 
their percentage errors at the center of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at 
load 𝑞  = 12.  The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are 
provided in Figures 7.35, 7.36, and 7.37 respectively. All three figures show excellent 
agreement between RBF and FEM solutions. The RBF results compare very well with the 
FEM results with maximum relative differences of 1.4%, 2.8 % and 2.14% for 𝑤, 𝜎𝑏  and 
𝜎𝑚  respectively. 
Table 7.13 CICCIM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load𝑞  = 12 
Foundation 
Parameters 
𝑤 𝜎 𝑏  𝜎 𝑚  









0 0 0 1.1650 1.1627 0.2001 2.7976 2.7530 1.6220 1.3060 1.2868 1.4947 
50 0 0 0.9846 0.9867 0.2081 2.3491 2.3052 1.9060 0.9393 0.9260 1.4347 
100 0 0 0.8330 0.8346 0.1880 1.9385 1.8967 2.2014 0.6714 0.6616 1.4717 
50 50 0 0.9006 0.9025 0.2106 2.0362 1.9956 2.0335 0.7877 0.7743 1.7295 
50 100 0 0.8439 0.8429 0.1186 1.8107 1.7790 1.7819 0.6624 0.6756 1.9538 
100 50 0 0.7911 0.7807 1.3354 1.7308 1.6916 2.3166 0.5891 0.5789 1.7688 
100 100 0 0.6253 0.6238 0.2297 1.3004 1.2631 2.9527 0.3751 0.3682 1.8657 
0 0 10 0.9277 0.9352 0.8029 2.1939 2.1502 2.0307 0.8368 0.8282 1.0374 
50 0 10 0.7892 0.7920 0.3592 1.8127 1.7712 2.3447 0.6001 0.5934 1.1348 
  
149 
100 0 10 0.6731 0.6752 0.3080 1.4934 1.4541 2.6986 0.4367 0.4309 1.3551 
0 0 20 0.7553 0.7545 0.1080 1.7092 1.6673 2.5129 0.5404 0.5366 0.7201 
50 0 20 0.6474 0.6458 0.2400 1.4187 1.3787 2.9012 0.3969 0.3929 1.0045 
100 0 20 0.5614 0.5590 0.4293 1.1608 1.1463 1.2694 0.2895 0.2944 1.6644 
50 50 10 0.7456 0.7465 0.1201 1.6454 1.6052 2.5029 0.5350 0.5272 1.4734 
50 50 20 0.6236 0.6219 0.2791 1.3322 1.2926 3.0617 0.3693 0.3645 1.3028 
50 100 10 0.7189 0.7112 1.0723 1.5170 1.4780 2.6402 0.4871 0.4788 1.7305 
50 100 20 0.6051 0.6018 0.5493 1.2501 1.2211 2.3750 0.3469 0.3416 1.5463 
100 50 10 0.6551 0.6470 1.2533 1.3871 1.3489 2.8327 0.4023 0.3959 1.6392 
100 50 20 0.5467 0.5441 0.4779 1.1075 1.0916 1.4566 0.2725 0.2791 2.3647 
100 100 10 0.6253 0.6238 0.2297 1.3004 1.2631 2.9527 0.3751 0.3682 1.8657 
100 100 20 0.5337 0.5309 0.5274 1.0607 1.0440 1.5996 0.2603 0.2660 2.1429 
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Figure 7.36  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for CICCIM 
 















No foundation FEM No foundation RBF
Linear K=100 FEM Linear K=100 RBF
Nonlinear K=100,K1=100 FEM Nonlinear K=100,K1=100 RBF














No foundation FEM No foundation RBF
Linear K=100 FEM Linear K=100 RBF
Nonlinear K=100,K1=100 FEM Nonlinear K=100,K1=100 RBF




The plate in this example is a clamped-two edges free supported circular plate 
with immovable edges, (w =
∂w
∂n
=  Vnand Mn  at the free edges = u =  v =
 0) resting on the Winkler-Pasternak foundation. It is subjected to uniformly distributed 
load q   ranging from 0.9 -7.2. The selected results of some cases representing various 
foundation parameters are given in Table 7-14 and Figures 7.38, 7.39 and 7.40. In the 
shown Table 7-14, the RBF and FEM results with their percentage errors at the free edge 
of the plate for 𝑤 ,𝜎 𝑏  𝑎𝑛𝑑 𝜎 𝑚     are presented only at load 𝑞  = 7.2. The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the free edge of the plate are provided in Figures 7.38, 7.39, 
and 7.40 respectively. All three figures show a good agreement between RBF and FEM 
solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 5.2%, 5.1 % and 4.4% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
 Table 7.14 CICFIM Results of 𝑤 ,𝜎 𝑏  ,𝜎 𝑚  at Load 𝑞  = 7.2 
Foundation Parameters 𝑤  𝜎 𝑏  
𝜎 𝑚  
k K1 G1 FEM RBF Error % FEM RBF Error % FEM RBF Error % 
0 0 0 0.942 0.956 1.4862 1.261 1.204 4.520 0.276 0.264 4.348 
0 0 4 0.868 0.903 3.990 1.147 1.103 3.837 0.235 0.226 3.644 
0 0 8 0.800 0.841 5.12 1.042 0.989 5.086 0.200 0.193 3.500 
0 20 0 0.882 0.925 4.875 1.165 1.118 4.034 0.242 0.237 2.066 
0 20 4 0.820 0.837 2.071 1.070 1.049 2.029 0.210 0.206 1.833 
0 20 8 0.762 0.773 1.407 0.982 0.968 1.388 0.181 0.179 1.190 
0 40 0 0.837 0.872 4.220 1.093 1.049 4.049 0.218 0.210 3.857 
0 40 4 0.783 0.787 0.576 1.011 1.005 0.573 0.191 0.190 0.374 
0 40 8 0.731 0.727 0.537 0.934 0.939 0.540 0.167 0.168 0.741 
20 0 0 0.845 0.844 0.081 1.126 1.127 0.081 0.223 0.223 0.282 
20 0 4 0.778 0.791 1.678 1.021 1.004 1.650 0.189 0.186 1.453 
20 0 8 0.717 0.729 1.632 0.927 0.912 1.606 0.161 0.158 1.409 
20 20 0 0.800 0.823 2.831 1.053 1.024 2.753 0.200 0.195 2.559 
20 20 4 0.743 0.754 1.531 0.964 0.950 1.507 0.172 0.170 1.310 
20 20 8 0.689 0.700 1.472 0.883 0.870 1.451 0.148 0.147 1.253 
20 40 0 0.765 0.772 0.971 0.996 0.987 0.961 0.183 0.181 0.763 
  
152 
20 40 4 0.714 0.721 0.992 0.918 0.909 0.982 0.159 0.158 0.784 
20 40 8 0.666 0.673 0.953 0.846 0.838 0.944 0.139 0.138 0.746 
40 0 0 0.757 0.782 3.201 1.002 0.971 3.102 0.179 0.174 2.908 
40 0 4 0.698 0.713 2.220 0.908 0.889 2.172 0.152 0.149 1.976 
40 0 8 0.644 0.657 1.907 0.826 0.810 1.871 0.130 0.127 1.675 
40 20 0 0.724 0.762 5.212 0.948 0.901 4.954 0.164 0.156 4.763 
40 20 4 0.672 0.677 0.672 0.867 0.861 0.667 0.141 0.140 0.468 
40 20 8 0.624 0.612 1.974 0.794 0.809 2.013 0.122 0.124 2.217 
40 40 0 0.698 0.711 1.950 0.905 0.887 1.913 0.152 0.150 1.717 
40 40 4 0.651 0.660 1.362 0.832 0.821 1.344 0.132 0.131 1.147 
40 40 8 0.607 0.618 1.729 0.766 0.753 1.700 0.115 0.113 1.503 
 
 























Figure 7.39  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for CICFIM 
 




































In this example, the plate is a simply with one free edge supported circular plate 
with immovable edges, (w = Mn =  Vn  and Mnat the free edge = u =  v =  0)  
resting on the Winkler-Pasternak foundation. It is subjected to uniformly distributed load 
q   ranging from 0.5 - 3.0. The selected results of some cases representing various 
foundation parameters are given in Table 7-15 and Figures 7.41, 7.42, and 7.43. In the 
shown Table 7-15, the RBF and FEM results with their percentage errors at the center of 
the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 3.  The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 7.41, 7.42, and 
7.43 respectively. All three figures show a good agreement between RBF and FEM 
solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 2.8%, 2.4 % and 4% for 𝑤, 𝜎𝑏  and 𝜎𝑚  respectively. 
Table 7.15 CISF1IM Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 3 
Foundation 
Parameters 
















































































































































































































































































































































































































































































Figure 7.42  𝜎 𝑏𝑣𝑠 𝑞    on Different Foundations for CISF1IM 
 







































7.2.4 WPF Movable Circular Plates 
 CICCMO 







= 0) resting on the Winkler-Pasternak foundation. It is 
subjected to uniformly distributed load q   ranging from 1 - 8. The selected results of 
some cases representing various foundation parameters are given in Table 7-16 and 
Figures 7.44, 7.45, and 7.46. In the shown Table 7- 16 the RBF and FEM results with 
their percentage errors at the center of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at 
load 𝑞  = 8.  The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are 
provided in Figures 7.44, 7.45, and 7.46 respectively. All three figures show excellent 
agreement between RBF and FEM solutions. The RBF results compare very well with the 
FEM results with maximum relative differences of 2.14%, 4.4 % and 3% for 𝑤, 𝜎𝑏  and 
𝜎𝑚  respectively. 
Table 7.16 CICCMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 8 
Foundation 
Parameters 









































































































































































































































































































































































































No foundation FEM No foundation RBF
Linear k=50 FEM Linear k=50 RBF
Nonlinear K=50,K1=50 FEM Nonlinear K=50,K1=50 RBF




Figure 7.45  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for CICCMO 
 














No foundation FEM No foundation RBF
Linear k=50 FEM Linear k=50 RBF
Nonlinear K=50,K1=50 FEM Nonlinear K=50,K1=50 RBF














No foundation FEM No foundation RBF
Linear k=50 FEM Linear k=50 RBF
Nonlinear K=50,K1=50 FEM Nonlinear K=50,K1=50 RBF





In this example, the plate is a simply supported circular plate with movable edges, 
𝑤 = 𝑀𝑛 = 𝐹 =
𝜕𝐹
𝜕𝑛
= 0) resting on the Winkler-Pasternak foundation. It is subjected to 
uniformly distributed load q   ranging from 0.5 – 4. The selected results of some cases 
representing various foundation parameters are given in Table 7-17 and Figures 7.47, 
7.48, and 7.49. In the shown Table 7-17 the RBF and FEM results with their percentage 
errors at the center of the plate for 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 3.  The 
results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 
7.47, 7.48, and 7.49 respectively. All three figures show a good agreement between RBF 
and FEM solutions. The RBF results compare very well with the FEM results with 
maximum relative difference of 5.4%,for 𝑤, 𝜎𝑏  and 𝜎𝑚 . 
Table 7.17 CISSMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 3 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 1.365 1.374 0.659 2.122 2.157 1.649 0.512 0.494 3.516 
0 0 5 0.857 0.845 1.400 1.397 1.389 0.573 0.207 0.198 4.348 
0 0 10 0.588 0.563 4.252 0.956 0.911 4.707 0.097 0.093 4.124 
0 25 0 1.033 1.038 0.484 1.518 1.545 1.779 0.287 0.277 3.484 
0 25 5 0.754 0.747 0.928 1.179 1.184 0.424 0.157 0.149 5.096 
0 25 10 0.556 0.562 1.079 0.884 0.858 2.941 0.086 0.083 3.488 
0 50 0 0.897 0.902 0.557 1.263 1.289 2.059 0.213 0.206 3.286 
0 50 5 0.693 0.688 0.722 1.05 1.06 0.952 0.131 0.127 3.053 
0 50 10 0.532 0.512 3.759 0.829 0.795 4.101 0.078 0.074 5.128 
25 0 0 0.905 0.911 0.663 1.416 1.436 1.412 0.226 0.216 4.425 
25 0 5 0.612 0.607 0.817 0.962 0.962 0.000 0.103 0.099 3.884 
25 0 10 0.453 0.431 4.857 0.705 0.678 3.830 0.056 0.053 5.357 
25 25 0 0.783 0.788 0.639 1.163 1.183 1.720 0.165 0.159 3.636 
25 25 5 0.575 0.572 0.522 0.879 0.884 0.569 0.09 0.088 2.222 
25 25 10 0.44 0.419 4.773 0.674 0.641 4.896 0.053 0.051 3.774 
  
161 
25 50 0 0.714 0.719 0.700 1.019 1.04 2.061 0.135 0.13 3.704 
25 50 5 0.547 0.546 0.183 0.817 0.826 1.102 0.081 0.079 2.469 
25 50 10 0.429 0.408 4.895 0.648 0.615 5.093 0.05 0.048 4.000 
50 0 0 0.637 0.643 0.942 0.956 0.973 1.778 0.109 0.105 3.670 
50 0 5 0.466 0.485 4.077 0.697 0.712 2.152 0.058 0.055 5.172 
50 0 10 0.366 0.346 5.464 0.542 0.513 5.351 0.036 0.034 5.556 
 
 























Figure 7.48  𝜎 𝑏  𝑣𝑠 𝑞   on Different Foundations for CISSMO 
 







































The plate in this example is a clamped with two free edges supported circular 
plate with movable edges, 𝑤 =
𝜕𝑤
𝜕𝑛




resting on the Winkler-Pasternak foundation. It is subjected to uniformly distributed load 
q   ranging from 0.8 – 6.4. The selected results of some cases representing various 
foundation parameters are given in Table 7-18 and Figures 7.50, 7.51, and 7.52. In the 
shown Table 7- 18 the RBF and FEM results with their percentage errors at the center of 
the plate for 𝑤 ,𝑎𝑛𝑑 𝜎 𝑏 ,   are presented only at load 𝑞  = 4.8.  The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   at the center of the plate are provided in Figures 7.50, 7.51, and 
7.52 respectively. All three figures show a good agreement between RBF and FEM 
solutions. The RBF results compare very well with the FEM results with maximum 
relative difference of 6%,for 𝑤, 𝑎𝑛𝑑 𝜎𝑏 . 
Table 7.18 CICFMO Results of 𝑤 ,𝜎 𝑏 , at Load 𝑞  = 4.8 
Foundation Parameters 𝑤  𝜎 𝑏  
K K1 G1 FEM RBF Error % FEM RBF Error % 
0 0 0 1.150 1.168 1.567 2.367 2.456 3.756 
0 0 5 0.878 0.920 4.784 1.711 1.820 6.351 
0 0 10 0.704 0.745 5.921 1.301 1.368 5.131 
0 25 0 0.946 0.998 5.534 1.859 1.916 3.088 
0 25 5 0.782 0.822 5.083 1.474 1.525 3.478 
0 25 10 0.656 0.684 4.296 1.185 1.226 3.466 
0 50 0 0.846 0.875 3.365 1.613 1.631 1.112 
0 50 5 0.723 0.751 3.904 1.330 1.363 2.449 
0 50 10 0.621 0.643 3.553 1.103 1.133 2.754 
25 0 0 0.844 0.896 6.132 1.693 1.765 4.235 
25 0 5 0.677 0.717 5.829 1.279 1.342 4.860 
25 0 10 0.565 0.586 3.841 1.012 1.046 3.329 
25 25 0 0.759 0.791 4.203 1.472 1.506 2.368 
25 25 5 0.635 0.663 4.456 1.173 1.213 3.486 
25 25 10 0.542 0.558 2.954 0.957 0.979 2.293 
25 50 0 0.705 0.724 2.734 1.333 1.345 0.896 
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25 50 5 0.604 0.622 3.059 1.094 1.115 1.899 
25 50 10 0.523 0.537 2.591 0.912 0.929 1.908 
50 0 0 0.656 0.686 4.660 1.272 1.314 3.320 
50 0 5 0.547 0.569 4.133 1.000 1.034 3.416 


























Figure 7.51  𝜎 𝑏𝑣𝑠 𝑞   on Different Foundations for CICFMO 
 







































In this example, the plate is a simply with two free edges supported circular plate 
with movable edges, 𝑤 = 𝑀𝑛 =  𝑉𝑛  𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑡𝑕𝑒 𝑓𝑟𝑒𝑒 𝑒𝑑𝑔𝑒𝑠 = 𝐹 =
𝜕𝐹
𝜕𝑛
= 0) resting 
on the Winkler-Pasternak foundation. It is subjected to uniformly distributed load q   
ranging from 0.25 – 2. The selected results of some cases representing various foundation 
parameters are given in Table 7-19 and Figures 7.53, and 7.54. In the shown Table 7-19 
the RBF and FEM results with their percentage errors at the center of the plate for 
𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑𝜎 𝑚   are presented only at load 𝑞  = 1.5. The results for 𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝑎𝑛𝑑 𝜎 𝑏   
at the center of the plate are provided in Figures 7.53, and 7.54, respectively. Both two 
figures show a good agreement between RBF and FEM solutions. The RBF results 
compare very well with the FEM results with maximum relative differences of 5.1%, 
5.4% and 5.6% for 𝑤, 𝜎𝑏  𝑎𝑛𝑑 𝜎𝑚    respectively. 
Table 7.19 CISFMO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 1.5 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  









0 0 0 0.663 0.631 4.731 0.897 0.942 4.966 0.0132 0.0139 5.1756 
0 0 1.5 0.535 0.561 4.806 0.717 0.684 4.586 0.0076 0.0073 4.3949 
0 0 3 0.447 0.445 0.466 0.592 0.594 0.468 0.0037 0.0037 0.6687 
0 10 0 0.570 0.573 0.538 0.759 0.755 0.535 0.0051 0.0051 0.3364 
0 10 1.5 0.488 0.483 1.040 0.645 0.652 1.051 0.0032 0.0032 1.2527 
0 10 3 0.422 0.423 0.240 0.553 0.552 0.239 0.0014 0.0014 0.0396 
0 20 0 0.523 0.543 3.831 0.688 0.663 3.690 0.0015 0.0015 3.4969 
0 20 1.5 0.458 0.472 3.002 0.601 0.583 2.915 0.0009 0.0008 2.7208 
0 20 3 0.404 0.414 2.376 0.526 0.514 2.321 0.0000 0.0000 2.1257 
10 0 0 0.479 0.475 0.681 0.639 0.643 0.685 0.0065 0.0065 0.8867 
10 0 1.5 0.405 0.390 3.916 0.535 0.557 4.076 0.0030 0.0032 4.2837 
10 0 3 0.352 0.348 1.324 0.459 0.466 1.342 0.0010 0.0010 1.5449 
10 10 0 0.445 0.440 1.219 0.588 0.595 1.234 0.0032 0.0032 1.4360 
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10 10 1.5 0.388 0.382 1.562 0.507 0.515 1.587 0.0014 0.0014 1.7904 
10 10 3 0.342 0.342 0.053 0.444 0.444 0.053 0.0001 0.0001 0.2536 
10 20 0 0.423 0.430 1.541 0.554 0.546 1.518 0.0013 0.0013 1.3211 
10 20 1.5 0.374 0.371 0.825 0.486 0.491 0.832 0.0003 0.0003 1.0338 
10 20 3 0.334 0.328 1.957 0.431 0.439 1.996 -0.0005 -0.0005 2.1996 
20 0 0 0.371 0.360 2.961 0.487 0.502 3.051 0.0025 0.0026 3.2571 
20 0 1.5 0.326 0.330 1.302 0.423 0.417 1.286 0.0007 0.0007 1.0881 
20 0 3 0.291 0.284 2.416 0.374 0.383 2.476 -0.0003 -0.0003 2.6811 
20 10 0 0.358 0.361 0.980 0.467 0.462 0.971 0.0013 0.0013 0.7725 
20 10 1.5 0.318 0.312 2.054 0.411 0.420 2.097 0.0001 0.0001 2.3015 
20 10 3 0.287 0.272 5.161 0.366 0.386 5.442 -0.0006 -0.0007 5.6526 
20 20 0 0.348 0.338 2.863 0.451 0.464 2.948 0.0004 0.0004 3.1535 
20 20 1.5 0.312 0.298 4.558 0.401 0.420 4.775 -0.0004 -0.0004 4.9848 
20 20 3 0.283 0.275 2.744 0.360 0.370 2.821 -0.0009 -0.0009 3.0270 
 
 



























In this example, the plate is a simply with one free edge supported circular plate 
with movable edges, 𝑤 = 𝑀𝑛 =  𝑉𝑛  𝑎𝑛𝑑 𝑀𝑛𝑎𝑡 𝑡𝑕𝑒 𝑓𝑟𝑒𝑒 𝑒𝑑𝑔𝑒 = 𝐹 =
𝜕𝐹
𝜕𝑛
= 0) resting 
on the Winkler-Pasternak foundation. It is subjected to uniformly distributed load q   
ranging from 0.25 – 2. The selected results of some cases representing various foundation 
parameters are given in Table 7-20 and Figures 7.55, 7.56, and 7.57. In the shown Table 
7-20 the RBF and FEM results with their percentage errors at the center of the plate for 
𝑤 ,𝜎 𝑏 , 𝑎𝑛𝑑 𝜎 𝑚   are presented only at load 𝑞  = 2. The results for 
𝑞  𝑣𝑒𝑟𝑠𝑢𝑠 𝑤 ,𝜎 𝑏 ,𝑎𝑛𝑑 𝜎 𝑚    at the center of the plate are provided in Figures 7.55, 7.56 and 



















solutions. The RBF results compare very well with the FEM results with maximum 
relative differences of 4.4%, 5.8% and 5.7% for 𝑤, 𝜎𝑏  𝑎𝑛𝑑 𝜎𝑚    respectively. 
Table 7.20 CISF1MO Results of 𝑤 ,𝜎 𝑏 ,𝜎 𝑚  at Load 𝑞  = 2 
Foundation 
Parameters 
𝑤  𝜎 𝑏  𝜎 𝑚  






FEM RBF Error % 
0 0 0 1.255 1.269 1.133 1.799 1.867 3.804 0.286 0.2950 3.1469 
0 0 1.5 1.016 0.999 1.642 1.491 1.479 0.808 0.198 0.2030 2.5253 
0 0 3 0.843 0.817 3.069 1.249 1.215 2.737 0.140 0.1460 4.2857 
0 10 0 1.022 0.988 3.274 1.451 1.410 2.847 0.199 0.2053 3.1658 
0 10 1.5 0.886 0.861 2.757 1.280 1.249 2.361 0.153 0.1590 3.9216 
0 10 3 0.769 0.774 0.627 1.121 1.142 1.810 0.116 0.1170 0.8621 
0 20 0 0.915 0.934 2.058 1.281 1.336 4.273 0.161 0.1570 2.4845 
0 20 1.5 0.812 0.831 2.290 1.157 1.206 4.211 0.129 0.1260 2.3256 
0 20 3 0.720 0.737 2.271 1.036 1.077 3.963 0.102 0.1000 1.9608 
10 0 0 0.938 0.914 2.526 1.373 1.348 1.887 0.173 0.1950 12.7168 
10 0 1.5 0.786 0.757 3.755 1.158 1.118 3.514 0.124 0.1270 2.4194 
10 0 3 0.672 0.674 0.227 0.990 1.002 1.222 0.091 0.0911 0.1099 
10 10 0 0.837 0.833 0.404 1.203 1.213 0.823 0.138 0.1400 1.4493 
10 10 1.5 0.728 0.760 4.400 1.054 1.115 5.787 0.105 0.0990 5.7143 
10 10 3 0.638 0.659 3.406 0.925 0.973 5.099 0.081 0.0780 3.7037 
10 20 0 0.775 0.791 2.062 1.096 1.140 4.004 0.118 0.1150 2.5424 
10 20 1.5 0.687 0.702 2.264 0.981 1.020 4.047 0.094 0.0910 3.1915 
10 20 3 0.611 0.621 1.612 0.876 0.903 3.166 0.074 0.0730 1.3514 
20 0 0 0.738 0.709 3.904 1.078 1.039 3.636 0.110 0.1210 10.0000 
20 0 1.5 0.636 0.662 4.215 0.926 0.980 5.852 0.082 0.0790 3.6585 
20 0 3 0.556 0.573 3.041 0.806 0.843 4.634 0.062 0.0600 3.2258 
20 10 0 0.691 0.711 2.890 0.991 1.038 4.671 0.096 0.0920 4.1667 
20 10 1.5 0.607 0.624 2.823 0.872 0.911 4.553 0.074 0.0720 2.7027 
20 10 3 0.538 0.545 1.247 0.771 0.792 2.717 0.058 0.0581 0.1724 
20 20 0 0.656 0.668 1.765 0.928 0.961 3.559 0.086 0.0840 2.3256 
20 20 1.5 0.584 0.590 1.011 0.829 0.850 2.575 0.068 0.0681 0.1471 





Figure 7.55  𝑤  𝑣𝑠 𝑞  on Different Foundations for CISF1MO 
 
 










































Figure 7.57  𝜎 𝑚  𝑣𝑠 𝑞   on Different Foundations for CISF1MO 
 
 
7.2.5 WPF Small Deflection and Large Deflection Analyses 
In this section, the comparison of the results obtained from the large deflection 
and small deflection analyses theories is presented. The small deflection theory is mainly 
the classical plate bending theory which does not take the effect of the in-plane 
deformation into account which means that the nonlinear terms were removed from the 
previous formulations and corresponding codes. Two different examples have been done, 
square (SQCCIM) and circular (CICCMO). The two examples are similar to the previous 
ones done before in terms of the nodes distributions, loads, foundation parameters, etc.  
The comparison results are given in Figures 7.58 to 7.61 for 𝑤 ,𝑎𝑛𝑑 𝜎 𝑏   versus 𝑞   




















𝑤 ,𝑎𝑛𝑑 𝜎 𝑏  respectively whereas Figures 7.60 and 7.61 are for CICCMO for 𝑤 ,𝑎𝑛𝑑 𝜎 𝑏  
respectively as well. In the shown figures, different foundation models have been selected 
depending on the foundation parameters values adopted in those examples. The letters S 
and L are provided for the designation of small and large deflection theory analysis.  
From the shown figures, it is clear that the difference between the large deflection 
analysis theory and the small deflection theory are high in SQCCIM compared to 
CICCMO because of the in-plane boundary condition, immovable and movable 
respectively. In addition, the presence of the foundations makes the difference between 
the two theories smaller in both examples.   
 
Figure 7.58 Comparison between Small Deflection (S) and Large Deflection (L) 

















K=500 S. K=500 L. k = 1000 S. 
K=1000 L. K=500, G1=25 S. K=500, G1=25 L. 
K=1000, G1=25 S. K=1000, G1=25 L. K=500, G1=50 S.




Figure 7.59 Comparison between Small Deflection (S) and Large Deflection (L) 
Formulations for the Maximum Bending Stress in SQCCIM Plate on Different 
Foundations 
 
Figure 7.60 Comparison between Small Deflection (S) and Large Deflection (L) 
















K=500 S. K=500 L. k = 1000 S. 
K=1000 L. K=500, G1=25 S. K=500, G1=25 L. 
K=1000, G1=25 S. K=1000, G1=25 L. K=500, G1=50 S.












K=50 S. K=50 L. k = 100 S. 
K=100 L. K=50, G1=10 S. K=50, G1=10 L. 
K=100, G1=10 S. K=100, G1=10 L. K=50, G1=20 S.




Figure 7.61 Comparison between Small Deflection (S) and Large Deflection (L) 
Formulations for the Maximum Bending Stress in CICCMO Plate on Different 
Foundations 
 
7.2.6 WPF Comparing Results with Available Case 
For more verification for the proposed method and codes in this work, the 
obtained results using MQ-RBF for one example (CICCMO) has been compared to the 
obtained results by Katsikadelis (1991) using the boundary element method (BEM). The 
results of the comparisons are given in Table 7.21. In Table 7.21, the variations of the 
deflection 𝑤 , the radial membrane stress 𝜎 𝑚 , and the radial bending stress 𝜎 𝑏  due to the 
maximum load of q  = 15 and the foundation parameters G1=K1=0; K=100 at various 
radial locations are presented. The table shows a reasonable agreement between RBF and 













K=50 S. K=50 L. k = 100 S. 
K=100 L. K=50, G1=10 S. K=50, G1=10 L. 
K=100, G1=10 S. K=100, G1=10 L. K=50, G1=20 S.
K=50, G1=20 L. K=100, G1=20 S. K=100, G1=20 L.
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(1.18%), (1.64%) and (7.50%) 𝑤, 𝜎 𝑏  and, 𝜎 𝑚  respectively. 




Diff.% 𝜎 𝑏  Diff. % 𝜎 𝑚  Diff. % 
KAT. RBF KAT. RBF KAT. RBF 
0.098 1.108 1.104 0.361 2.547 2.567 0.785 0.536 0.518 3.358 
0.304 0.961 0.956 0.520 2.366 2.381 0.634 0.470 0.453 3.617 
0.562 0.592 0.585 1.182 1.277 1.256 1.644 0.303 0.292 3.630 
0.800 0.179 0.178 0.559 -1.820 -1.793 1.484 0.127 0.120 5.512 








CHAPTER EIGHT  
VERIFICATION OF THE COMPUTER CODE FOR LARGE 
DEFLECTION OF THIN PLATE ON ELASTIC 
CONTINUOUS FOUNDATION 
8.1 General  
In this Chapter, the verification of the proposed RBF methodas applied to large 
deflection of thin plates on elastic continuous foundationsis presented.In all examples, the 
load is assumed to be uniformly distributed = q, Poisson ratio ν is assumed 0.3 and the 
analysis is performed for several combinations of the foundation parameters and 
boundary conditions. For generality of the solutions, all results are made dimensionless, 















, respectively. The shape factor, c, of the RBF 
ischanged according to the boundary conditions, the geometry, and the type of foundation 
models. Its optimum value ranges between 0.1and 0.8. 
As explained in the Chapter 3 and 4, plate-foundation interaction is based on 
Boussinesq’s solution of the elastic half-space.  Both RBF and Boussinesq’s solutions are 
dependent on the radial distances between nodes which makes coupling of the two 
methods advantageous for modeling the interaction. The FEM model used for verification 
of the results is according to the approach due to [Kukreti and Ko1992]. 
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[Kukreti and Ko1992] have reported that the soil boundary can be truncated at 10 
*a in the vertical direction and 3*a in the horizontal direction where a is the plate 
dimension. The 3D configuration is shown in Figure 8.1. The boundary conditions of the 
soil domain are represented by zero normal displacement at the bottom and sides and by 
zero traction at the top free surface. 
 
Figure 8.1 3D FEM Square Plate on Elastic Half Space Soil Model 
 
The Mathematica codes developed earlier for the discrete foundation models have 
been modified to implement the procedure explained in Chapter 4 for modeling the plate-
continuous foundation interaction. 
The following section presents RBF results of several examples for plates on 
continuous foundations with different boundary conditions along with their comparisons 
with FEM results 
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8.2 Numerical Examples for Plates on Continuous Foundations 
 SQCCIM 
In this example, a clamped immovable square plate (w =
∂w
∂n
= u = v = 0.0) , 
resting on an isotropic elastic half space soil with Boussinesq dimensions is considered. 




 and Poisson ratio vs = 0.35  whereas the Young’s modulus and 




 and 0.3 respectively and the thickness, t = 
0.01. The plate is subjected to a uniform dimensionless loads, q  , ranging from 50 to 400 
with an increment of 50. The results of both FEM and RBF for the non-dimensional 
deflection, w  , bending stresses, σb    , and membrane stresses, σm      , at the center of the 
plate are given in Table 8.1. The RBF results compare very well against FEM results with 
maximum differences of 3.2%, 4.8% and 4.4% for w ,σ b , and σ m  respectively. 
Table 8.1 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚      at the Center of SQCCIM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
𝜎𝑚      
Error % FEM RBF FEM RBF FEM RBF 
1 
50 0.2071 0.2028 2.0628 1.4936 1.4746 1.2739 0.1373 0.1368 0.3409 
100 0.4049 0.3965 2.0828 2.8809 2.8556 0.8760 0.5248 0.5255 0.1298 
150 0.5878 0.5777 1.7241 4.1010 4.1106 0.2344 1.1054 1.1152 0.8884 
200 0.7539 0.7434 1.3979 5.1440 5.2128 1.3379 1.8173 1.8470 1.6315 
250 0.9039 0.8937 1.1262 6.0291 6.1687 2.3152 2.6113 2.6707 2.2732 
300 1.0396 1.0300 0.9177 6.7845 6.9955 3.1109 3.4532 3.5496 2.7916 
350 1.1629 1.1539 0.7782 7.4369 7.7121 3.7000 4.3209 4.4593 3.2023 
400 1.2758 1.2685 0.5722 8.0086 8.3571 4.3516 5.2006 5.3979 3.7934 
4 
50 0.0622 0.0638 2.6404 0.1480 0.1530 3.3504 0.0137 0.0131 4.3163 
100 0.1243 0.1282 3.1485 0.2966 0.3050 2.8390 0.0547 0.0523 4.3666 
150 0.1862 0.1898 1.9302 0.4461 0.4563 2.2888 0.1227 0.1175 4.2642 
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200 0.2479 0.2511 1.3213 0.5970 0.6140 2.8424 0.2174 0.2082 4.2136 
250 0.3092 0.3122 0.9693 0.7498 0.7770 3.6263 0.3381 0.3240 4.1807 
300 0.3701 0.3729 0.7438 0.9048 0.9356 3.4098 0.4842 0.4644 4.0879 
350 0.4306 0.4331 0.5911 1.0622 1.1130 4.7875 0.6548 0.6287 3.9797 
400 0.4905 0.4928 0.4849 1.2222 1.2604 3.1247 0.8490 0.8162 3.8626 
 
 SQCF1IM 




= (Vnand Mnat the free edge) = u = v = 0.0) resting on isotropic elastic 
half space soil model with Boussinesq dimensions. The same soil and plate properties of 
the SQCCIM and the loads are utilized in this example. The results of both FEM and 
RBF for 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚     at the free edge of the plate are shown in Table 8.2 and at the 
center of the plate are shown in Figures 8.2, 8.3 and 8.4 respectively. All three figures 
show a good agreement between RBF and FEM solutions. The RBF results compare very 
well against FEM results with maximum differences of 6.5%, 6% and 8.4% for 
w , σ b , and σ m  respectively.  
Table 8.2 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚     at the Free Edge of SQCF1IM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
𝜎𝑚      
Error % FEM RBF FEM RBF FEM RBF 
1 
50 0.2539 0.2403 5.3521 1.4635 1.5131 3.3842 0.0260 0.0277 6.2195 
100 0.4929 0.4657 5.5164 2.8746 3.0182 4.9954 0.0982 0.1031 5.0216 
150 0.7097 0.6674 5.9542 4.2069 4.3629 3.7078 0.2035 0.2154 5.8411 
200 0.9037 0.8564 5.2302 5.4577 5.7814 5.9323 0.3297 0.3542 7.4404 
250 1.0775 1.0142 5.8733 6.6344 6.9177 4.2709 0.4677 0.5069 8.3956 
300 1.2343 1.1694 5.2588 7.7463 8.1153 4.7636 0.6117 0.6547 7.0333 
350 1.3769 1.3026 5.3984 8.8015 9.1540 4.0051 0.7581 0.7976 5.2089 




50 0.0698 0.0664 5.0045 0.0820 0.0867 5.6397 0.0033 0.0016 53.0005 
100 0.1396 0.1319 5.4938 0.1671 0.1750 4.7739 0.0133 0.0064 52.1566 
150 0.2091 0.1972 5.7257 0.2580 0.2730 5.8080 0.0298 0.0140 52.9237 
200 0.2784 0.2622 5.7956 0.3576 0.3765 5.2972 0.0527 0.0248 52.8871 
250 0.3472 0.3281 5.5153 0.4681 0.4951 5.7743 0.0818 0.0393 51.9559 
300 0.4156 0.3898 6.2157 0.5916 0.6234 5.3814 0.1169 0.0564 51.7948 
350 0.4835 0.4522 6.4735 0.7297 0.7654 4.8989 0.1578 0.0762 51.7235 
400 0.5508 0.5205 5.5005 0.8836 0.9210 4.2383 0.2040 0.0987 51.6279 
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Figure 8.3 Loads-Central Bending Stresses for SQCF1IM Plate on Continuous 
Foundation 
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= (Vnand Mnat the free edges) = u = v = 0.0), resting on isotropic 
elastic half space soil model with Boussinesq dimensions. The same soil and plate 
properties of the SQCCIM whereas the loads ranging from 40 to 320. The results of both 
FEM and RBF for 𝑤 ,𝑎𝑛𝑑 𝜎𝑏 ,     at the free edge of the plate are shown in Table 8.3 and at 
the center of the plate are shown in Figures 8.5, 8.6, and 8.7 respectively. All three 
figures show a good agreement between RBF and FEM solutions. The RBF results 
compare well against FEM results with maximum differences of 8.3%, 6.7% and more 
for w , and σ b  respectively. 
Table 8.3 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚     at the Free Edge of SQCFIM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
FEM RBF FEM RBF 
1 
40 0.2290 0.2333 1.8772 1.3848 1.4530 4.9239 
80 0.4459 0.4353 2.3789 2.7212 2.9030 6.6821 
120 0.6439 0.6130 4.7912 3.9823 4.2540 6.8225 
160 0.8221 0.7642 7.0414 5.1633 5.4897 6.3206 
200 0.9823 0.9342 4.8999 6.2705 6.6055 5.3419 
240 1.1271 1.0632 5.6702 7.3131 7.7630 6.1514 
280 1.2590 1.1822 6.0981 8.3002 8.8655 6.8117 
320 1.3801 1.2670 8.1922 9.2391 9.7650 5.6925 
4 
40 0.0646 0.0624 3.5359 0.1132 0.1170 3.3598 
80 0.1292 0.1198 7.2582 0.2285 0.2437 6.6295 
120 0.1935 0.1824 5.7505 0.3481 0.3665 5.2744 
160 0.2576 0.2345 8.9695 0.4739 0.5012 5.7581 
200 0.3213 0.2976 7.3836 0.6076 0.6437 5.9369 
240 0.3846 0.3528 8.2714 0.7508 0.7965 6.0864 
280 0.4474 0.4165 6.9070 0.9047 0.9543 5.4814 





Figure 8.5 Loads-Central Deflections for SQCFIM Plate on Continuous Foundation 
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This example is similar to SQCCIM with a circular shape. It has been exposed to 
uniform loads, 𝑞  , ranging from 25 to 200 with incremental loads of 25 increment. The 
results of both FEM and RBF for 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚     at the center of the plate are shown in 
Table 8.4. The RBF results compare very well against FEM results with maximum 
differences of 5.7%, 5.02% and 5.5% for w ,σ b , and σ m  respectively. 
Table 8.4 𝑤 ,𝜎𝑏 ,    𝑎𝑛𝑑 𝜎𝑚     at the Center of CICCIM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
𝜎𝑚      
Error % FEM RBF FEM RBF FEM RBF 
1 
25 0.2429 0.2506 3.1799 0.0336 0.0346 2.9149 0.0705 0.0712 1.0216 













RBF Es =10000 FEM Es = 10000
RBF Es = 40000 FEM Es = 40000
  
185 
75 0.7175 0.6981 2.7081 0.1808 0.1860 2.8647 0.6044 0.6123 1.3054 
100 0.9446 0.8702 7.8744 0.3120 0.3254 4.3082 1.0350 1.0470 1.1633 
125 1.1627 1.1163 3.9890 0.4780 0.4902 2.5609 1.5487 1.6340 5.5085 
150 1.3709 1.2922 5.7442 0.6703 0.6897 2.8988 2.1277 2.2130 4.0090 
175 1.5690 1.5044 4.1204 0.8799 0.8991 2.1867 2.7568 2.8980 5.1215 
200 1.7571 1.6670 5.1283 1.0990 1.1542 5.0275 3.4237 3.5520 3.7465 
4 
25 0.0622 0.0643 3.3430 -0.0367 -0.0375 2.2913 0.0077 0.0080 3.7468 
50 0.1245 0.1304 4.7642 -0.0730 -0.0756 3.6326 0.0309 0.0321 3.8163 
75 0.1868 0.1954 4.6319 -0.1085 -0.1108 2.1481 0.0695 0.0720 3.6717 
100 0.2491 0.2601 4.4201 -0.1429 -0.1481 3.6534 0.1231 0.1281 4.0364 
125 0.3115 0.3273 5.0722 -0.1758 -0.1812 3.0541 0.1917 0.2013 4.9969 
150 0.3740 0.3954 5.7248 -0.2070 -0.2161 4.3961 0.2749 0.2864 4.1682 
175 0.4366 0.4595 5.2409 -0.2361 -0.2460 4.1976 0.3724 0.3901 4.7445 
200 0.4993 0.5264 5.4360 -0.2628 -0.2728 3.7933 0.4838 0.5102 5.4590 
 
 CICF1IM 




= (Vnand Mnat the free edge) = u = v = 0.0), resting on isotropic 
elastic half space soil model with Boussinesq dimensions. It has been analyzed under 
loads ranging from 30 to 240. The results of both FEM and RBF for 𝑤 ,𝑎𝑛𝑑 𝜎𝑏 ,     at the free 
edge of the plate are shown in Table 8.5 and at the center of the plate including 𝜎𝑚 ,      are 
shown in Figures 8.8, 8.9, and 8.10 respectively. All three figures show a good agreement 
between RBF and FEM solutions. The RBF results compare well against FEM results 






Table 8.5 𝑤 , 𝑎𝑛𝑑 𝜎𝑏    at the Free Edge of CICF1IM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
FEM RBF FEM RBF 
1 
30 0.3103 0.3240 4.4062 0.2051 0.2103 2.5226 
60 0.6131 0.6371 3.9122 0.4230 0.4378 3.4994 
90 0.9031 0.9432 4.4352 0.6596 0.6856 3.9393 
120 1.1779 1.2520 6.2910 0.9135 0.9345 2.3002 
150 1.4367 1.5320 6.6321 1.1791 1.2530 6.2694 
180 1.6800 1.7853 6.2706 1.4502 1.5020 3.5723 
210 1.9085 2.0340 6.5765 1.7217 1.8317 6.3889 
240 2.1234 2.3210 9.3055 1.9900 2.1630 8.6956 
4 
30 0.0822 0.0834 1.4535 0.0018 0.0019 5.3356 
60 0.1644 0.1734 5.4666 0.0042 0.0044 4.1354 
90 0.2466 0.2655 7.6544 0.0078 0.0082 4.5342 
120 0.3288 0.3510 6.7405 0.0132 0.0140 6.3544 
150 0.4110 0.4331 5.3653 0.0207 0.0221 6.8105 
180 0.4933 0.5213 5.6867 0.0309 0.0326 5.6656 
210 0.5754 0.6012 4.4770 0.0440 0.0477 8.3989 
240 0.6576 0.6873 4.5173 0.0604 0.0643 6.3973 
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Figure 8.9 Loads-Central Bending Stresses for CICF1IM Plate on Continuous Foundation 
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= (Vn  and Mnat the free edges) = u = v = 0.0), resting on isotropic 
elastic half space soil model with Boussinesq dimensions. The same soil and plate 
properties of the SQCCIM whereas the loads ranging from 20 to 160. The results of both 
FEM and RBF for 𝑤 , 𝑎𝑛𝑑 𝜎𝑏 ,     at the free edge of the plate are shown in Table 8.6 and at 
the center of the plate including  𝜎𝑚     are shown in Figures 8.11, 8.12 and 8.13 
respectively. All three figures show a good agreement between RBF and FEM solutions.  
The RBF results compare well against FEM results with maximum differences of 7.8%, 
and 8.7% for w , and σ b  respectively. 
Table 8.6 𝑤 ,𝑎𝑛𝑑 𝜎𝑏    at the Free Edge of CICFIM Plate on Continuous Foundation 
𝐸𝑠   




𝜎𝑏    Error % 
FEM RBF FEM RBF 
1 
20 0.2236 0.2315 3.5276 0.1552 0.1604 3.3609 
40 0.4440 0.4589 3.3474 0.3157 0.3271 3.6138 
60 0.6587 0.6871 4.3143 0.4851 0.5017 3.4256 
80 0.8658 0.8978 3.6920 0.6645 0.6865 3.3123 
100 1.0646 1.1290 6.0509 0.8529 0.8860 3.8797 
120 1.2546 1.3260 5.6891 1.0482 1.1240 7.2327 
140 1.4360 1.5250 6.1959 1.2478 1.3270 6.3484 
160 1.6091 1.7350 7.8255 1.4493 1.5432 6.4784 
4 
20 0.0593 0.0615 3.6677 0.0028 0.0030 5.4850 
40 0.1186 0.1248 5.1853 0.0059 0.0062 3.8355 
60 0.1780 0.1906 7.0967 0.0095 0.0102 7.3048 
80 0.2373 0.2501 5.3986 0.0138 0.0148 7.2801 
100 0.2966 0.3149 6.1680 0.0190 0.0205 7.8695 
120 0.3559 0.3751 5.3904 0.0254 0.0274 7.7062 
140 0.4152 0.4423 6.5231 0.0331 0.0360 8.7792 
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160 0.4745 0.5078 7.018 0.0423 0.0456 7.8814 
 
 
Figure 8.11 Loads-Central Deflections for CICFIM Plate on Continuous Foundation 
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CHAPTER NINE  
CORRELATIONS BETWEEN DISCRETE AND 
CONTINUOUS FOUNDATION MODELS 
9.1 General  
The analyses performed in the previous two chapters clearly show that the task of 
modeling the soil-plate interaction using discrete models is much easier than by using the 
continuous model. Furthermore, the discrete models constants k, k1 and gp  are difficult to 
characterize.  
On the other hand, the soil parameters of elastic continuous models, Young’s 
modulus Es and Poisson’s Ratio υs are easy to find. So, it is a matter of importance to try 
to get some relationships that can relate the Winkler-Pasternak model parameters (k, k1 
and gp) to the elastic continuous model parameters (Es and υs). From the literature survey, 
there was no such attempt for the large deflection of thin plate resting on foundation. This 
chapter contains a detailed study to obtain the required relationships.  
The young’s moduli of the different type of soils have been collected from the 
literature, geotechnical information. 
 (http://www.geotechnicalinfo.com/youngs_modulus.html). 




Table 9.1 Young’s Modulus of Different Types of Soils 
Soil Type  
Es (ton/sf) Es (N/m
2
) 
Min. Max. Min. Max. 
very soft clay 5 50 536255 5362550 
soft clay 50 200 5362550 21450200 
medium clay 200 500 21450200 53625500 
stiff clay, silty clay 500 1000 53625500 107251000 
sandy clay 250 2000 26812750 214502000 
clay shale 1000 2000 107251000 214502000 
loose sand 100 250 10725100 26812750 
dense sand 250 1000 26812750 107251000 
dense sand and gravel 1000 2000 107251000 214502000 
silty sand 250 2000 26812750 214502000 
 
The data in Table 9-1 ranges from a minimum Young’s modulus of 536255 N/m2 
for very soft clay to a maximum Young’s modulus of 214502000 N/m2 for clay shale, 
dense sand, gravel, and silty sand. The Poisson’s ratios range from 0.1 to 0.45 for most of 
the soil types according to the literature. 
9.2 Study Details  
In this parametric study, the values of soil Young’s modulus, Es , and Poisson’s 
ratios, υs,  have been varied when conducting the analysis of large deflection of thin plate 
on elastic continuous soil based on Boussinesq model formula. The plate shape is square 
with a thickness of 0.01 m and Young’s Modulus of 108 N/m2 resting on the elastic 
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continuous soil and subjected to a uniform load. A total load of 12 (N/m
2
) has been 
applied incrementally with step load of 1(N/m
2
). 
The analysis has been done under different values of Es ranged from 100 to 3000 
N/m
2
 and υs  ranging from 0.15 to 0.45. At each value of Poisson’s ratio and Young’s 
modulus Es, the reactions of the soil, P’s, at different locations in the plate from both the 
transverse and the in-plane directions and their corresponding deflections as well as ∇2w  
values (according to Boussinesq formulas) have been collected.  
The Winkler-Pasternak model parameters (k, k1 and gp) have been calculated at 
different locations in the plate.  Since the calculated parameters are almost the same at 
different locations of the plate with a maximum deviation of less than 5% near the 
boundary, only the values at the center of the plate is presented here. One sample of the 
collected results for the loads, deflection, 𝑤, the corresponding supporting soil reactions, 
P, and the corresponding Young’s modulus (N/m2) is given in Table C-1 in Appendix C 
for υs = 0.35.  
From the collected results, the foundation parameters can be easily determined by 
solving the resulting linear algebra equations as they are described below for each 






9.2.1 Linear Winkler (L-W)  
The linear Winkler foundation model is defined by 𝑘𝑤. The soil reaction based on 
Boussinesq formulas is equated to the reaction based on L-W model to obtain k, i.e. 
𝑃 − 𝑘𝑤 = 0    ⇒                                   𝑘 =  
𝑃
𝑤
                                                                     9 − 1   
Applying the Equation 9-1 for all cases of Table C-1 in the appendix C at υs =0.35 
and the other similar results for the other Poisson’s ratios, the corresponding values of the 




 ,where; a is the plate dimension and D is the plate stiffness. The results are given 
in Table 9-2.  
Table 9.2 Results of K’s at Different Values of υs and Es  for L-W 
Es 
LW,  K at different values of υs 
0.15 0.2 0.25 0.3 0.35 0.40 0.45 
100 15.6953 15.6953 15.7318 15.7685 15.8795 16.03 16.3004 
200 30.9458 30.9458 31.0275 31.2751 31.6114 32.1296 33.1251 
400 60.5743 60.7735 60.9741 61.5839 62.6277 64.5985 67.6746 
600 89.3994 89.3994 89.7541 91.2018 93.0783 96.6583 102.344 
800 117.32 117.32 117.865 119.533 123.015 127.985 136.979 
1000 145.189 145.189 145.965 148.345 152.489 159.623 171.67 
1200 171.762 171.762 173.844 175.978 181.546 189.962 206.362 
1400 197.614 198.94 200.285 203.028 210.228 221.21 239.049 
1600 226.199 226.199 227.887 231.34 238.569 252.371 272.65 
1800 249.401 249.401 251.429 257.715 266.601 278.611 306.196 
2000 276.278 276.278 278.723 283.745 294.352 311.839 338.634 
2200 303.419 303.419 306.336 312.343 321.846 339.903 371.235 
2400 327.215 327.573 330.653 337.314 349.104 369.001 403.505 
2600 352.224 352.619 355.986 363.265 376.144 397.874 435.535 
2800 377.037 377.47 381.124 389.02 402.985 426.538 467.34 





The nature of the relationship between K and Es is linear as it is shown in Figure 
9-1 for each value of υs. However, the linear equation constants are functions of the 
Poisson’s ratio, υs as they are shown in Table 9-3. These functions are determined by 
fitting the constants values and their corresponding Poisson’s ratios. The final model of 
L-W parameter K is given by Equation 9-2. 
𝐾 =  𝐶1(𝜐𝑠)𝐸𝑠 +  𝐶2(𝜐𝑠)                                                                                                      (9 − 2) 
Where; 
𝐶1 𝜐𝑠  =  0.547 𝜐𝑠
2 −  0.221 𝜐𝑠  + 0.135 
𝐶2 𝜐𝑠  =  −97.8 𝜐𝑠
2 + 39.8 𝜐𝑠  + 5.04 
 
Figure 9.1 K vs Es (L-W)  
 
 

















Table 9.3 Poisson’s Ratios and Corresponding Values of Equation Constants  for L-W 
υs C1 C2 
0.15 0.132 8.97 
0.2 0.1328 8.98 
0.25 0.1343 8.64 
0.3 0.1373 8.013 
0.35 0.1425 7.22 
0.4 0.1514 5.632 
0.45 0.1669 2.85 
 
9.2.2 Non-Linear Winkler (NL-W)  
The foundation reaction based on the non-linear Winkler foundation model is represented 
𝑏𝑦 𝑘𝑤 + 𝑘1𝑤
3. Equating the soil reactions as obtained from the continuous foundation 
model to the one corresponding to non-linear Winkler model, we get 
𝑃 − 𝑘𝑤 − 𝑘1𝑤
3 = 0                                                                                                               9 − 3   
Where; k and k1 are determined by trial and error using Excel solver. Following the same 
procedure carried out for L-W and omitting the details, we can obtain similar 
relationships between NL-W model parameters and the soil elastic modulus and 
Poisson’s ratio (the results are summarized in the Appendix C, Tables (C-2, C-3, and C-
4). The obtained relationships are given by Equations 9-4 and 9-5 and plotted in Figures 
9-2 and 9-3. 
𝐾 =  𝐶1(𝜐𝑠 )𝐸𝑠  +  𝐶2(𝜐𝑠 )                                                                                                   (9 − 4) 
𝐾1  =   𝐶3 𝜐𝑠  𝐸𝑠
4 +  𝐶4 𝜐𝑠  𝐸𝑠
3 +  𝐶5(𝜐𝑠 )𝐸𝑠




𝐶1 𝜐𝑠  =  0.562 𝜐𝑠
2 − 0.231 𝜐𝑠  + 0.1558 
𝐶2 𝜐𝑠  =  −98.33 𝜐𝑠
2 +  39.8 𝜐𝑠  + 4.6 
𝐶3 𝜐𝑠  =  −18.24 𝜐𝑠
2 +  7.585 𝜐𝑠 − 8.61 ∗ 10
−14 
𝐶4 𝜐𝑠  = (14.697 𝜐𝑠
2 − 6.12 𝜐𝑠 + 6.28) ∗ 10
−10  
𝐶5 𝜐𝑠  = (−4.23 𝜐𝑠
2 + 1.77 𝜐𝑠 − 1.56) ∗ 10
−6 
𝐶6 𝜐𝑠  =  4.79 𝜐𝑠
2 − 2 𝜐𝑠 + 1.36 ∗ 10
−3 
𝐶7 𝜐𝑠  = −0.222 𝜐𝑠
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Figure 9.3 K1 vs Es (NL-W)  
 
9.2.3 Pasternak Model (P)  
The foundation reaction based on Pasternak foundation model is represented 
𝑏𝑦 𝑘𝑤 − 𝑔𝑝∇
2w. Equating the soil reaction as obtained by the continuous foundation 
model to the one corresponding to Pasternak model, we get.  






 = 0                                                                                             9 − 6   
Where; k and gp are determined by trial and error using Excel solver. Following 
the same procedure carried out for NL-W and omitting the details, one can draw charts 
illustrating the relationships that relate Es to K and G1 (the results are summarized in the 
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G1  and Es are almost linear as they are shown in Figures 9-4 and 9-5 respectively for 
each value of υs.  
 
Figure 9.4 K vs Es (P )  
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The obtained equations relating K and G1to soil Young’s modulus Es are given by 
𝐾 =   𝐶1(𝜐𝑠 )𝐸𝑠  +  𝐶2(𝜐𝑠 )                                                                                                  (9 − 7) 
𝐺1  =  𝐶3 𝜐𝑠  𝐸𝑠 + 𝐶4(𝜐𝑠 )                                                                                                    (9 − 8) 
Where: 
𝐶1 𝜐𝑠  =  15.56 𝜐𝑠
2 −  6.429 𝜐𝑠  + 4.411 ∗ 10
−3 
𝐶2 𝜐𝑠  =  −5.1 𝜐𝑠
2 + 2.1 𝜐𝑠 − 0.884  
𝐶3 𝜐𝑠  =  9.26 𝜐𝑠
2 −  3.83  𝜐𝑠 + 2.6 ∗ 10
−2  
𝐶4 𝜐𝑠  =  −23.62 𝜐𝑠
2 + 9.67 𝜐𝑠 − 2.44  
 
9.2.4 Winkler-Pasternak Model (W-P)  
Finally, The Winkler-Pasternak foundation model is defined  by P x, y = kw +
kw3 − 𝑔𝑝∇
2w. Equating the soil as obtained from the continuous foundation model to 
the one corresponding to Pasternak model, we get 
𝑃 − 𝑘𝑤 − 𝑘1𝑤






 = 0                                                                9 − 9   
After repeating the same procedure followed previously, it was found that the 
correlations between K and G1 and Es are almost identical to the ones obtained for them 
in the Pasternak model. Similarly, the correlations between K1 and Es obtained earlier for 
the NL-W model holds for W-P model. 
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9.3 Verification of the Selected Best Statistical Models  
To verify the above developed correlations, the models have been used to carry 
out the analysis of large deflection of plate on an elastic foundation due to two types of 
loading: a uniformly distributed load and a central point load. The elastic modulus of the 
soil, Es, has been varied (500, 1000, 2000, 3000) where the developed K, K1, and G1 have 
been used to represent the discrete models and Es and Poisson ratio, υs was assumed 0.35. 
Then the discrete foundation parameters K, K1, and G1 have been computed from the 
correlations developed in the previous section. The results for the deflection at the center 
of the plate as computed by the continuous foundation model and the corresponding 
discrete models are compared in Figures 9.6 to9.12. 
 





















Figure 9.7 𝑤  vs  𝑞  for Continuous and NL-W Models 
 






































Figure 9.9 𝑤  vs  𝑞  for Continuous and W- P Models 
 






































Figure 9.11 𝑤  vs  𝑞  for all Models (Es = 3000)  
 







































The results in the above figures indicate that P and W-P model are the most in 
agreement with the continuous foundation model. The agreement is valid for both small 
and large deflection. On the other hand, L-W and NL-W models yield reasonable 
agreements for small deflection (up to 𝑤 = 0.35), then the results of both deviate from 
those based on the continuous foundation model. 
For more verification, the L-W model is compared with the available formulas in 
the literature. The most common formulas from the literature are due to Biot (1937) and 
Vesic (1961) which are given by Equations 9-10 and 9-11 respectively. The computed 
differences between the developed L-W model and those suggested by Biot and Vesic are 
given in Table 9-4.  
 





 1 − 𝜐𝑠2 𝐸𝐼
 
0.108
                                                      (9 − 10) 







                                                                      (9 − 11) 













L-W Biot Vesic 
c1 c2 K k k Diff.% k Diff.% 
0.15 10000000 0.13 8.81 1332433.8 520340.4 467384.3 10.18 234635.3 54.91 
0.2 10000000 0.13 9.09 1317609.1 514551.1 476833.8 7.33 238912.5 53.57 
0.25 10000000 0.13 8.88 1330133.9 519442.3 489530.1 5.76 244646.4 52.90 
0.3 10000000 0.14 8.18 1370008.2 535013.9 505947.8 5.43 252039.5 52.89 
0.35 10000000 0.14 6.99 1437232.0 561266.1 526751.4 6.15 261374.3 53.43 
0.4 10000000 0.15 5.31 1531805.3 598198.7 552868.8 7.58 273042.8 54.36 
0.45 10000000 0.17 3.15 1653728.1 645811.9 585606.6 9.32 287593.7 55.47 
0.15 30000000 0.13 8.81 3997283.81 1561014.4 1578790.51 1.14 771391.10 50.58 
0.2 30000000 0.13 9.09 3952809.09 1543646.2 1610710.01 4.34 785452.92 49.12 
0.25 30000000 0.13 8.88 3990383.88 1558319.8 1653597.13 6.11 804303.79 48.39 
0.3 30000000 0.14 8.18 4110008.18 1605035.4 1709054.93 6.48 828609.68 48.37 
0.35 30000000 0.14 6.99 4311681.99 1683792.8 1779328.23 5.67 859298.92 48.97 
0.4 30000000 0.15 5.31 4595405.31 1794592.1 1867550.85 4.07 897660.48 49.98 
0.45 30000000 0.17 3.15 4961178.15 1937433.2 1978136.60 2.10 945498.19 51.20 
 
The comparison clearly shows that the developed L-W model is reasonably close 
to Biot’s model with a maximum difference of11%. It should be noted that Biot’s model 
is widely used in the technical literature for mat foundations which gives more reliability 




CHAPTER TEN  
PRACTICAL APPLICATION: LARGE DEFLECTION OF 
THE BASE PLATE OF LARGE STORAGE TANK  
10.1 General  
The large deflection of the thin plates rested on nonlinear foundation has wide 
range of real applications in different engineering fields. Thin films of metals, synthetic 
materials on the surface of electronic devices are considered as thin plate (the thin film 
and synthetic material) on an elastic foundation (electronic devices) Mofid and Noroozi 
(2009). In the evaluation of the structural safety of ships and ship-shaped offshore 
structures comprise of metal plates, the non linear behavior of the plates is a fundamental 
requirement Paik et. al (2012).  
In Structural engineering, the structure footings are one of the important 
applications. Depending on the footing types (raft, isolated, etc.) and construction 
materials such as steel, plain and reinforced concrete, the thickness of the footing is 
determined. For the plain and reinforced concrete, the raft footings are considered as thin 
whereas the isolated footings are considered as thick plate resting on foundation. 
 Large storage tanks are classified as thin-walled structures in which the large 
deflection analysis is fundamental.  These tanks are used to store several kinds of fluids 












The large storage tanks are classified as thin-walled structures in which the large 
deflection analysis is a fundamental.  These tanks are used to store several kinds of fluids 
such as water, oil, etc. The most common shapes of the tanks are the cylindrical and 
square which consists of plate on in the bottom and shells in the sides.  
The bottom plates of the tanks are commonly flat plates. The boundary supports 
of the bottom plates can be considered as fixed or simply supported according to the 
rigidity of the side shells and existence of the gasket at the connection. The cross section 
of a typical tank with its loading and supporting conditions are shown in Figure 10.2 
(Ventsel and Krauthammer (2001)).  
 
In this chapter, a cylindrical tank with a circular bottom plate is considered. The 
two boundary conditions of fixed and simple edges are considered. The foundation 




Figure 10.2 Typical Tank Section and Static Systems. a) Typical Tank 















10.2 Details of the Large Storage Tank  
Consider a circular tank with total capacity of 100000 m
3
 of water, unit weight of 
water is 10 kN/m
3
. The radius of the tank, R, is 40 m and the total height is 22 m. the tank 




 and υ = 0.3, thickness t = 0.2 m. The supported soil 




 and υs = 0.4.   
The uniform load distribution on the bottom of the tank is as follows: 




To calculate the foundation parameters of the discrete models, the developed 
relationships in Chapter 9 can be used to get their dimensionless values. Then the 
dimensional values can be calculated from: 
𝑘 =  
𝐷𝐾
𝑅4












The calculated foundations parameters are as shown in Table 10.1.  
Table 10.1 Discrete Foundation Parameters 
Foundation Model K k  K1 k1 G1 gp 
L-W 4550000 1302083 0 0 0 0 
NL-W 4548000 1301511 2918 20876 0 0 
Pasternak 127000 36434 0 0 750000 3.43*10
8
 






The boundary connection is assumed fixed, and the analysis is carried out using 
all the foundation models: discrete models (Linear Winkler (L-W), Non-Linear Winkler 
(NL-W), Pasternak (P), and Non-Linear Winkler Pasternak (NLW-P)) and the continuous 
model (Boussinesq-based approach). The results of all cases are summarized in Table 
10.2 which gives the non-dimensional values of 𝑤 ,𝜎𝑏   ,𝑎𝑛𝑑 𝜎𝑚     at the center of the plate 
due tothe highest dimensionless load 𝑞 = 220000. The variations of the same quantities 
versus load are given in Figures 10.3 to 10.5. 
The variation of the dimensionless deflection, 𝑤 , along the radial direction is 
given in Figure 10.6 for the all foundation models due to the maximum dimensionless 
load of 𝑞 = 220000. 
Table 10.2 𝑤 ,𝜎𝑏   ,𝑎𝑛𝑑 𝜎𝑚     at the Plate Center For fixed Connection Case  (𝑞 = 220000)  
Foundation model 𝑤  𝜎𝑏    𝜎𝑚     
Continuous -1.5754 -2.62752 2.10867 
L-W -0.8441 -0.67522 8.11716 
NL-W -0.8176 -0.6954 7.65526 
Pas. -1.4605 -2.87077 2.14626 





Figure 10.3 𝑤  vs. 𝑞   for the Fixed Connection Case  
 









































Figure 10.5 𝜎𝑚     vs 𝑞  for the Fixed Connection Case  
 
Figure 10.6 𝑤  along the Radial Directions of Different Foundation Models for the Fixed 










































All results clearly indicate that Pasternak and non-linear Winkler-Pasternak 
produce results that are more in in agreement with the continuous foundation as 
compared to Winkler and Nonlinear Winkler models. This is attributed to the similarity 
between these two models and continuous foundation model in accounting for the vertical 
and horizontal contact between the plate and the foundation. The linear Winkler model, 
on the other hand, results in a strange behavior (almost a constant value of deflection with 
a peak value near the boundary) which indicates that such model is not suitable for 
modeling the plate-foundation interaction for plates undergoing large deflection. 
Repeating the above analysis for the pinned connection, similar results are 
obtained as given in Table 10.3 and Figures 10.7 to 10.10. The results reveal the same 
conclusions stated above for the fixed connection case. 
Table 10.3  𝑤 ,𝜎𝑏   ,𝑎𝑛𝑑 𝜎𝑚     at the Plate Center for Pinned Connection Case  (𝑞 =
220000)  
Foundation model 𝑤  𝜎𝑏    𝜎𝑚     
Continuous -1.3723 -1.9406 1.64995 
L-W -0.8446 -0.1363 10.4719 
NL-W -0.8181 -0.1363 9.86631 
Pas. -1.2419 -1.75616 1.49315 





Figure 10.7 𝑤  vs. 𝑞   for the Pinned Connection Case   
 
 












































Figure 10.10 𝑤  along the Radial Directions of Different Foundation Models for the 







































CONCLUSIONS AND RECOMMENDATIONS 
The main objective of this dissertation is the development of an RBF-based 
mesheless method capable of modeling the problem of large deflection of thin plates 
resting on nonlinear foundations. This chapter summarizes the main accomplishments of 
the research work undertaken in this dissertation, then it outlines the conclusions drawn 
from the results obtained and finally it recommends some directions for future research. 
11.1 Summary 
RBF-based meshless model for the analysis of thin elastic plates resting on 
linear/non-linear different foundations and undergoing large deflection has been 
developed. The meshless model is based on collocation with multi-quadric functions. 
This is achieved by firstly developing a model for the problem of large deflection without 
foundation, to basically establish its reliability in preparation to the more complicated 
case of large deflection of plate on nonlinear foundation. The model was implemented 
into a computer code using the MATHEMATICA software and then utilized in carrying 
out a comprehensive parametric study to obtain the optimum RBF shape factor. The 
parametric study included the two basic shapes of circular and square, several boundary 
conditions (simply supported, clamped, free and mixed) and two supporting conditions 




In solving the coupled and highly nonlinear governing differential equations, two 
incremental-iterative algorithms have been utilized to address the two cases of in-plane 
boundary conditions, namely, movable and immovable. For the case of movable edge 
condition, the w-F formulation has been employed while for the immovable in-plane 
edge condition, the three dimensional u-v-w formulation has been employed, due to the 
extreme difficulty in representing the immovable in-plane edge condition in terms of the 
stress function. The soil-plate interaction has been modeled by four discrete foundation 
models: Winkler, non-linear Winkler, Pasternak and non-linear Winkler-Pasternak, in 
addition to the continuous elastic model.  
The accuracy of the developed algorithms and computer codes have been verified 
by solving numerous practical cases involving different boundary conditions and 
foundations models and comparing the results with FEM solutions obtained by 
COMSOL. The verified computer codes have been utilized to perform a parametric study 
for the purpose of generating correlations between the discrete and continuous foundation 
parameters. The obtained correlations have been verified through several practical cases. 
As a final demonstration of the efficiency of the developed foundation parameters 
correlations, the RBF model has been applied to the industrial problem of deflection of 
large tank bottom plate where the Winkler parameter k has been expressed through the 
elastic constants of the supporting soil and proved to yield results that are very close to 




Based on the developed RBF-based meshless models and the results presented in 
the last six chapters, the following conclusions can be drawn: 
1- Mesh-free collocation model using MQ-RBF offers an attractive alternative to the 
conventional numerical methods in solving the problem of large deflection of thin 
elastic plates on linear and nonlinear foundations. This is basically, due to its 
flexibility with respect to the geometric modeling, computational efficiency, and 
application simplicity. Another important advantage of the RBF-based model is 
its capability, if programmed using Mathematica, of obtaining the primary 
solution, the deflection, in a functional symbolic form. The secondary solutions 
(forces, moments and stresses) can then be obtained by direct differentiation of 
the deflection function. This provides more accurate solutions when compared to 
other numerical methods like FEM and FDM, where interpolation would be 
required considering their built in discrete nature. 
2- The proper selection of the shape factor ―c‖ of MQ-RBF plays is very important 
to get accurate results and stable solutions. The optimum value of c ranges 
between 0.6 and 0.65 for plates without foundations.  For plates on foundations, 
there exist several ranges of the optimum c depending on the plate geometry and 
boundary conditions.  
3- In general, MQ-RBF solutions for all the studied cases of different plate 
geometries and boundary conditions and foundations models are very close to 
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those obtained by FEM. The percentage error in RBF solution as compared to 
FEM ranges from as low as 1-3% for simply supported and clamped square plates 
with immovable edges to as high as 8% for circular plates with free and movable 
edges. The less accuracy in RBF solutions has been observed generally for 
secondary variables at the boundary.  
4- The comparisons performed between the solutions based on small deflection and 
those based on large deflection formulations show the expected reduction in plate 
deflection and stress due to the plate stiffening caused by large deflection.  
5- The difference between the solutions of the small and large deflection theories is 
smaller for Pasternak and nonlinear Winkler foundations as compared to the 
linear Winkler model. 
6- The task of implementing the continuous foundation model in the RBF method is 
easier than with other numerical methods. This fact is due to meshless nature of 
RBF. Furthermore, the codes developed for the discrete foundation models can be 
easily modified to account for the continuous model. 
7- The generated symbolic solutions for both plates on discrete foundations and 
plates on continuous models enabled conducting a parametric study which 
produced symbolic correlations between the discrete foundation parameters and 
the elastic constants (E and ν) of the continuous foundation model.  
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8- The obtained foundation parameters correlations have been tested through several 
numerical examples and found to be accurate and efficient in modeling the plate 
soil interaction. 
9- Among discrete models, Pasternak model’s and non-linear Winkler-Pasternak 
solutions are most in agreement with the continuous foundation. This is attributed 
to the similarity between the two models in accounting for the vertical and 















Finally, as is the case with other numerical methods, there is a scope for further 
application and enhancement of the method. Below are some of the recommendations 
that can be made: 
1- The employed RBF models were based on uniform node spacing. Non-uniform 
spacing should be tried for possible improvement in the solution accuracy. 
2- The plate is considered to be thin and elastic. This assumption is valid to some 
applications such as the bottom plates of large storage tanks. For other 
applications such as the reinforced concrete foundations, the model should be 
modified to include the elasto-plastic behavior. 
3- This research considers a single layer of homogeneous elastic soil. The model 
would be further enhanced if provisions were made for the inclusion of different 
soil layers for the soil supporting the plate.  
4- The soil is considered to isotropic, but soils are inherently anisotropic. The model 
would be strengthened through the provision of anisotropic soil behavior.  
5- The foundation parameters are assumed to be constant and equal in both 
compression and tension. In the general case, the foundation cannot take any 
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Appendix A  MATHEMATICA CODES (W-U-V) 
Mathematica Code for Large Deflection of Immovable Thin Plates (u-v-w-
formulation) 
 Definitions of Variables 
 
 
sf : shape factor  1 for square and 2 for circle
t : Thickness of the plate
  Poison' ratio of the plate material
e  Elastic modulus of the plate material
c  Shape factor of the eadial basis function
a; b; lx; ly : plate diemnsions
 : Aspect ratio of the plate
 : Plate length  depth ratio
nb : Number of boundary nodes
nf : Number of field nodes
np : Total number of boundary nodes
xb, yb : x and y Coordinates of boundary nodes
xf, yf : x and y Coordinates of field domain nodes
xs, ys : x and y Coordinates of fictitios off  boundary nodes
dx  space between nodes in x  direction
dx  space between nodes in y  direction
nx, ny : x and y components of the unit vector normal to the boundary
tbcw1 : First boundary condition tbcw1  1 for deflection and 2 for shear
tbcw2 : Second boundary condition tbcw2  1 for slope and 2 for moment
bcw1 : Value of first boundary condition
bcw2 : Value of fsecond boundary condition
LUV11; LUV12; LUV21; LUV22 : Differential operators for the Linear
part of the differential equation governing the inplane deflection
Aw : Coeficient matrix for the transverse deflection w
AUV : Coeficient matrix for the inplane deflections u and v
NLUVW1 : First part of the differential operators for the non  linear
part of the differential equation governing the transverse deflection
NLUVW2 : Second part of the differential operators for the non  linear
part of the differential equation governing the transverse deflection
NLW11 : First part of the differential operators for the non  linear
part of the differential equation governing the inplane deflection
NLW22 : Second part of the differential operators for the non  linear
part of the differential equation governing the inplane deflection
NLSHEAR : Non  linear part of the shear force
MX : Bending moment per unit length at the edge whose normal vector is directed along x
MY : Bending moment per unit length at the edge whose normal vector is directed along xy
MXY : Twisting moment per unit length at the edge whose normal vector is directed along x
SXXB : Bending stress in x  direction
SYYB : Bending stress in y  direction
SXXM : Membrane stress in x  direction
SYYM : Membrane stress in y  direction
K : Winkler model parameter
K1 : Non  linear Winkler model parameter
G : Pasternak model parameter




sf : shape factor  1 for square and 2 for circle
t : Thickness of the plate
  Poison' ratio of the plate material
e  Elastic modulus of the plate material
c  Shape factor of the eadial basis function
a; b; lx; ly : plate diemnsions
 : Aspect ratio of the plate
 : Plate length  depth ratio
nb : Number of boundary nodes
nf : Number of field nodes
np : Total number of boundary nodes
xb, yb : x and y Coordinates of boundary nodes
xf, yf : x and y Coordinates of field domain nodes
xs, ys : x and y Coordinates of fictitios off  boundary nodes
dx  space between nodes in x  direction
dx  space between nodes in y  direction
nx, ny : x and y components of the unit vector normal to the boundary
tbcw1 : First boundary condition tbcw1  1 for deflection and 2 for shear
tbcw2 : Second boundary condition tbcw2  1 for slope and 2 for moment
bcw1 : Value of first boundary condition
bcw2 : Value of fsecond boundary condition
LUV11; LUV12; LUV21; LUV22 : Differential operators for the Linear
part of the differential equation governing the inplane deflection
Aw : Coeficient matrix for the transverse deflection w
AUV : Coeficient matrix for the inplane deflections u and v
NLUVW1 : First part of the differential operators for the non  linear
part of the differential equation governing the transverse deflection
NLUVW2 : Second part of the differential operators for the non  linear
part of the differential equation governing the transverse deflection
NLW11 : First part of the differential operators for the non  linear
part of the differential equation governing the inplane deflection
NLW22 : Second part of the differential operators for the non  linear
part of the differential equation governing the inplane deflection
NLSHEAR : Non  linear part of the shear force
MX : Bending moment per unit length at the edge whose normal vector is directed along x
MY : Bending moment per unit length at the edge whose normal vector is directed along xy
MXY : Twisting moment per unit length at the edge whose normal vector is directed along x
SXXB : Bending stress in x  direction
SYYB : Bending stress in y  direction
SXXM : Membrane stress in x  direction
SYYM : Membrane stress in y  direction
K : Winkler model parameter
K1 : Non  linear Winkler model parameter
G : Pasternak model parameter
















np = nb + nf;
dx = 4. lx/(nb + 4) ; 
dy = dx; xb1 = Table[dx i, {i, 1, nb/4}];
xb2 = Table[1, {i, 1, nb/4}];
xb3 = Table[1. - dx i, {i, 1, nb/4}];
xb4 = Table[0., {i, 1, nb/4}];
yb1 = Table[0., {i, 1, nb/4}];
yb2 = Table[dy i, {i, 1, nb/4}];
yb3 = Table[1, {i, 1, nb/4}];
yb4 = Table[1. - dy i, {i, 1, nb/4}];
nx1 = Table[0., {i, 1, nb/4}];
nx2 = Table[1., {i, 1, nb/4}];
nx3 = Table[0., {i, 1, nb/4}];
nx4 = Table[-1., {i, 1, nb/4}];
ny1 = Table[-1., {i, 1, nb/4}];
ny2 = Table[0., {i, 1, nb/4}];
ny3 = Table[1., {i, 1, nb/4}];
ny4 = Table[0., {i, 1, nb/4}];
xb = Join[xb1, xb2, xb3, xb4];
yb = Join[yb1, yb2, yb3, yb4];
nx = Join[nx1, nx2, nx3, nx4];
ny = Join[ny1, ny2, ny3, ny4];
d1 = 0.1;
xs1 = xb + d1*nx;
ys1 = yb + d1*ny;
xs2 = xb + 2*d1*nx;
ys2 = yb + 2*d1*ny;
xf = Flatten[Table[dx i, {j, 1, nb/4}, {i, 1, nb/4}]];
yf = Flatten[Table[dy j, {j, 1, nb/4}, {i, 1, nb/4}]];
xf2 = {0.05, 0.35, 0.65, 0.95, 0.05, 0.35, 0.65, 0.95, 0.05, 0.35, 0.65, 0.95};
yf2 = {0.083, 0.083, 0.083, 0.083, 0.5, 0.5, 0.5, 0.5, 0.917, 0.917, 0.917, 0.917};
xf3 = Join[xf2, xf2];
yf3 = Join[yf2, yf2];
xp = Join[xb, xf];
yp = Join[yb, yf];
xps1 = Join[xb, xf, xs1];
yps1 = Join[yb, yf, ys1];
xps2 = Join[xb, xf, xs1,xs2];
yps2 = Join[yb, yf, ys1, ys2];
dat1 = Table[{xb[[i]], yb[[i]]}, {i, 1, nb}];
dat2 = Table[{xs1[[i]], ys2[[i]]}, {i, 1, nb}];
dat3 = Table[{xf[[i]], yf[[i]]}, {i, 1, nf}];
p1 = ListPlot[dat1, PlotStyle -> PointSize[0.02], PlotMarkers -> "/"];
p2 = ListPlot[dat2, PlotStyle -> PointSize[0.02], PlotMarkers -> "\!\(\*
StyleBox[\"\",\nFontSize->24]\)"]; p3 = ListPlot[dat3, PlotStyle -> PointSize[0.02],         
PlotMarkers -> ""];












ds = 0.05; n = 0;
Do[xx = XL + dx j;
yy = YB + dy  i;
If[ xx^2 + yy^2 < (RR - ds)^2, n = n + 1;
x[n] = xx; y[n] = yy], {i, 1, Ceiling[(YT - YB)/dy]}, {j, 1, Ceiling[(XR - XL)/dx]}]; dat = 
Table[{x[i], y[i]}, {i, 1, n}]; p5 = ListPlot[dat, AspectRatio -> 1, PlotStyle ->      
PointSize[0.02]];
p6 = Show[Graphics[Circle[{0, 0}, RR]]];
nb = 32;
nf = n;
np = nb + nf;
Do[xb[i] = -XR*Cos[360. Degree/nb *i];
yb[i] = -YT*Sin[360. Degree/nb *i], {i, 0, nb}];
datb = Table[{xb[i], yb[i]}, {i, 0, nb}];
p7 = ListPlot[datb, AspectRatio -> 1, PlotStyle -> PointSize[0.02]];                          
Show[p5, p6, p7, PlotRange -> All];
xf = Flatten[Table[x[i], {i, 1, n}]];
yf = Flatten[Table[y[i], {i, 1, n}]];
xb = Flatten[Table[xb[i], {i, 1, nb}]];
yb = Flatten[Table[yb[i], {i, 1, nb}]];
xp = Join[xb, xf];
yp = Join[yb, yf];
nx = Table[-Cos[360./nb Degree*i], {i, 1, nb}];
ny = Table[-Sin[360./nb Degree*i], {i, 1, nb}];
d1 = 0.1;
xs1 = xb + d1*nx;
ys1 = yb + d1*ny;
xs2 = xb + 2*d1*nx;
ys2 = yb + 2*d1*ny;
xps1 = Join[xb, xf, xs1];
yps1 = Join[yb, yf, ys1];
xps2 = Join[xb, xf, xs1, xs2];
yps2 = Join[yb, yf, ys1, ys2];
dat1 = Table[{xb[[i]], yb[[i]]}, {i, 1, nb}];
dat2 = Table[{xs1[[i]], ys1[[i]]}, {i, 1, nb}];
dat3 = Table[{xf[[i]], yf[[i]]}, {i, 1, nf}];
p1 = ListPlot[dat1, PlotStyle -> PointSize[0.02], PlotMarkers -> "*"];
p2 = ListPlot[dat2, PlotStyle -> PointSize[0.02], PlotMarkers -> "#"];
p3 = ListPlot[dat3, PlotStyle -> PointSize[0.02], PlotMarkers -> ""];

















np = nb + nf;
dx = 4. lx/(nb + 4) ; 
dy = dx; xb1 = Table[dx i, {i, 1, nb/4}];
xb2 = Table[1, {i, 1, nb/4}];
xb3 = Table[1. - dx i, {i, 1, nb/4}];
xb4 = Table[0., {i, 1, nb/4}];
yb1 = Table[0., {i, 1, nb/4}];
yb2 = Table[dy i, {i, 1, nb/4}];
yb3 = Table[1, {i, 1, nb/4}];
yb4 = Table[1. - dy i, {i, 1, nb/4}];
nx1 = Table[0., {i, 1, nb/4}];
nx2 = Table[1., {i, 1, nb/4}];
nx3 = Table[0., {i, 1, nb/4}];
nx4 = Table[-1., {i, 1, nb/4}];
ny1 = Table[-1., {i, 1, nb/4}];
ny2 = Table[0., {i, 1, nb/4}];
ny3 = Table[1., {i, 1, nb/4}];
ny4 = Table[0., {i, 1, nb/4}];
xb = Join[xb1, xb2, xb3, xb4];
yb = Join[yb1, yb2, yb3, yb4];
nx = Join[nx1, nx2, nx3, nx4];
ny = Join[ny1, ny2, ny3, ny4];
d1 = 0.1;
xs1 = xb + d1*nx;
ys1 = yb + d1*ny;
xs2 = xb + 2*d1*nx;
ys2 = yb + 2*d1*ny;
xf = Flatten[Table[dx i, {j, 1, nb/4}, {i, 1, nb/4}]];
yf = Flatten[Table[dy j, {j, 1, nb/4}, {i, 1, nb/4}]];
xf2 = {0.05, 0.35, 0.65, 0.95, 0.05, 0.35, 0.65, 0.95, 0.05, 0.35, 0.65, 0.95};
yf2 = {0.083, 0.083, 0.083, 0.083, 0.5, 0.5, 0.5, 0.5, 0.917, 0.917, 0.917, 0.917};
xf3 = Join[xf2, xf2];
yf3 = Join[yf2, yf2];
xp = Join[xb, xf];
yp = Join[yb, yf];
xps1 = Join[xb, xf, xs1];
yps1 = Join[yb, yf, ys1];
xps2 = Join[xb, xf, xs1,xs2];
yps2 = Join[yb, yf, ys1, ys2];
dat1 = Table[{xb[[i]], yb[[i]]}, {i, 1, nb}];
dat2 = Table[{xs1[[i]], ys2[[i]]}, {i, 1, nb}];
dat3 = Table[{xf[[i]], yf[[i]]}, {i, 1, nf}];
p1 = ListPlot[dat1, PlotStyle -> PointSize[0.02], PlotMarkers -> "/"];
p2 = ListPlot[dat2, PlotStyle -> PointSize[0.02], PlotMarkers -> "\!\(\*
StyleBox[\"\",\nFontSize->24]\)"]; p3 = ListPlot[dat3, PlotStyle -> PointSize[0.02],         
PlotMarkers -> ""];












ds = 0.05; n = 0;
Do[xx = XL + dx j;
yy = YB + dy  i;
If[ xx^2 + yy^2 < (RR - ds)^2, n = n + 1;
x[n] = xx; y[n] = yy], {i, 1, Ceiling[(YT - YB)/dy]}, {j, 1, Ceiling[(XR - XL)/dx]}]; dat = 
Table[{x[i], y[i]}, {i, 1, n}]; p5 = ListPlot[dat, AspectRatio -> 1, PlotStyle ->      
PointSize[0.02]];
p6 = Show[Graphics[Circle[{0, 0}, RR]]];
nb = 32;
nf = n;
np = nb + nf;
Do[xb[i] = -XR*Cos[360. Degree/nb *i];
yb[i] = -YT*Sin[360. Degree/nb *i], {i, 0, nb}];
datb = Table[{xb[i], yb[i]}, {i, 0, nb}];
p7 = ListPlot[datb, AspectRatio -> 1, PlotStyle -> PointSize[0.02]];                          
Show[p5, p6, p7, PlotRange -> All];
xf = Flatten[Table[x[i], {i, 1, n}]];
yf = Flatten[Table[y[i], {i, 1, n}]];
xb = Flatten[Table[xb[i], {i, 1, nb}]];
yb = Flatten[Table[yb[i], {i, 1, nb}]];
xp = Join[xb, xf];
yp = Join[yb, yf];
nx = Table[-Cos[360./nb Degree*i], {i, 1, nb}];
ny = Table[-Sin[360./nb Degree*i], {i, 1, nb}];
d1 = 0.1;
xs1 = xb + d1*nx;
ys1 = yb + d1*ny;
xs2 = xb + 2*d1*nx;
ys2 = yb + 2*d1*ny;
xps1 = Join[xb, xf, xs1];
yps1 = Join[yb, yf, ys1];
xps2 = Join[xb, xf, xs1, xs2];
yps2 = Join[yb, yf, ys1, ys2];
dat1 = Table[{xb[[i]], yb[[i]]}, {i, 1, nb}];
dat2 = Table[{xs1[[i]], ys1[[i]]}, {i, 1, nb}];
dat3 = Table[{xf[[i]], yf[[i]]}, {i, 1, nf}];
p1 = ListPlot[dat1, PlotStyle -> PointSize[0.02], PlotMarkers -> "*"];
p2 = ListPlot[dat2, PlotStyle -> PointSize[0.02], PlotMarkers -> "#"];
p3 = ListPlot[dat3, PlotStyle -> PointSize[0.02], PlotMarkers -> ""];
Show[p1, p2, p3, PlotRange -> All]]
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t  0.1;   0.3; e  10 000;
c  0.08; c1  c^2;
B11  2; B12  1; B13  1; B14  1;
B21  2; B22  1; B23  1; B24  1;
ndomain  np;
Ifndomain  nf, xdomain  xf; ydomain  yf, xdomain  xp; ydomain  yp;
tbcw1  TableIfi  nb  4, B11, Ifnb  4  i  nb  2, B12, Ifnb  2  i  3  nb  4, B13, B14, i, 1, nb;
tbcw2  TableIfi  nb  4, B21, Ifnb  4  i  nb  2, B22, Ifnb  2  i  3  nb  4, B23, B24, i, 1, nb;
vbcw1  Table0, i, 1, nb;
vbcw2  Table0, i, 1, nb;
vbcu  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
vbcv  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
r2  x  xi^2  y  yi^2; r  Sqrtr2; phi  Sqrtr2 c1;
LUV11f_ : Df, x, 2 
2
2








Df, x, 1, y, 1 1   ;
LUV22f_ :  2 Df, y, 2 
1
2
Df, x, 2 1  ;
Dobcw1f_, i_ :
Iftbcw1i  1, f,
1
12 1  2
nyi^3  nxi^2  nyi^3   1 Df, y, 3
nxi  nyi^2  nxi  nyi^2  nxi Df, x, 3
 2  nxi^2  nyi  1  nyi  nyi^3   nyi^3  DDf, x, 2, y
nxi^3 ^2   1  nxi^2  2  nxi nyi^2 ^2 
2  nxi nyi^2 ^2  DDf, x, y, 2, i, 1, nb;
Dobcw2f_, i_ : Iftbcw2i  1, Df, x nxi  Df, y nyi,
2 nxi nyi DDf, x, y  1    nyi2 Df, y, 2 ^2  Df, x, 2  
nxi2 Df, x, 2  Df, y, 2  ^2, i, 1, nb;
Lwf_ : Df, x, 4  2 Df, x, 2, y, 2 2  Df, y, 4 4 ;
Aw  Table0., i, 1, 2 nb  ndomain, j, 1, 2 nb  ndomain;
Auv  Table0., i, 1, 2 nb  2 ndomain, j, 1, 2 nb  2 ndomain;
DoAwi, j  bcw1phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  nb, j  bcw2phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  2 nb, j  Lwphi . x  xdomaini, y  ydomaini, xi  xps2j, yi  yps2j,
i, 1, ndomain, j, 1, 2 nb  ndomain;
DoAuvi, j  phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j,
i, 1, nb, j, 1, ndomain  nb;
DoAuvi  nb, j  LUV11phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  nb, j  nb  ndomain 
LUV12phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb
DoAuvi  nb  ndomain, j  nb  ndomain 
phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j, i, 1, nb, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  LUV21phi . x  xdomaini, y  ydomaini,
xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  nb  ndomain  LUV22phi . x  xdomaini,
y  ydomaini, xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;
Awinv  InverseAw; Auvinv  InverseAuv;
t  0.1;   0.3; e  10 000;
c  0.08; c1  c^2;
B11  2; B12  1; B13  1; B14  1;
B21  2; B22  1; B23  1; B24  1;
ndomain  np;
Ifndomain  nf, xdomain  xf; ydomain  yf, xdomain  xp; ydomain  yp;
tbcw1  TableIfi  nb  4, B11, Ifnb  4  i  nb  2, B12, Ifnb  2  i  3  nb  4, B13, B14, i, 1, nb;
tbcw2  TableIfi  nb  4, B21, Ifnb  4  i  nb  2, B22, Ifnb  2  i  3  nb  4, B23, B24, i, 1, nb;
vbcw1  Table0, i, 1, nb;
vbcw2  Table0, i, 1, nb;
vbcu  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
vbcv  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
r2  x  xi^2  y  yi^2; r  Sqrtr2; phi  Sqrtr2 c1;
LUV11f_ : Df, x, 2 
2
2








Df, x, 1, y, 1 1   ;
LUV22f_ :  2 Df, y, 2 
1
2
Df, x, 2 1  ;
Dobcw1f_, i_ :
Iftbcw1i  1, f,
1
12 1  2
nyi^3  nxi^2  nyi^3   1 Df, y, 3
nxi  nyi^2  nxi  nyi^2  nxi Df, x, 3
 2  nxi^2  nyi  1  nyi  nyi^3   nyi^3  DDf, x, 2, y
nxi^3 ^2   1  nxi^2  2  nxi nyi^2 ^2 
2 nx i nyi^2 ^2  DDf, x, y, 2, i, 1, nb;
tbcw2i  1, Df, x nx i   Df, y ny i ,
 DDf, x, y  1    ny i 2 Df, y, 2 ^2  Df, x, 2  
x, 2  Df, y, 2  ^2, i, 1, nb;
2 Df, x, 2, y, 2 2  Df, y, 4 4 ;
Aw  Table0., i, 1, 2 nb  ndomain, j, 1, 2 nb  ndomain;
Auv  Table0., i, 1, 2 nb  2 ndomain, j, 1, 2 nb  2 ndomain;
DoAwi, j  bcw1phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  nb, j  bcw2phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  2 nb, j  Lwphi . x  xdomaini, y  ydomaini, xi  xps2j, yi  yps2j,
i, 1, ndomain, j, 1, 2 nb  ndomain;
DoAuvi, j  phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j,
i, 1, nb, j, 1, ndomain  nb;
DoAuvi  nb, j  LUV11phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  nb, j  nb  ndomain 
LUV12phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb
DoAuvi  nb  ndomain, j  nb  ndomain 
phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j, i, 1, nb, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  LUV21phi . x  xdomaini, y  ydomaini,
xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  nb  ndomain  LUV22phi . x  xdomaini,
y  ydomaini, xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;




 Incremental – Iterative Procedure 
 
t  0.1;   0.3; e  10 000;
c  0.08; c1  c^2;
B11  2; B12  1; B13  1; B14  1;
B21  2; B22  1; B23  1; B24  1;
ndomain  np;
Ifndomain  nf, xdomain  xf; ydomain  yf, xdomain  xp; ydomain  yp;
tbcw1  TableIfi  nb  4, B11, Ifnb  4  i  nb  2, B12, Ifnb  2  i  3  nb  4, B13, B14, i, 1, nb;
tbcw2  TableIfi  nb  4, B21, Ifnb  4  i  nb  2, B22, Ifnb  2  i  3  nb  4, B23, B24, i, 1, nb;
vbcw1  Table0, i, 1, nb;
vbcw2  Table0, i, 1, nb;
vbcu  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
vbcv  TableIfi  nb  4, 0, Ifnb  4  i  nb  2, 0, Ifnb  2  i  3  nb  4, 0, 0, i, 1, nb;
r2  x  xi^2  y  yi^2; r  Sqrtr2; phi  Sqrtr2 c1;
LUV11f_ : Df, x, 2 
2
2








Df, x, 1, y, 1 1   ;
LUV22f_ :  2 Df, y, 2 
1
2
Df, x, 2 1  ;
Dobcw1f_, i_ :
Iftbcw1i  1, f,
1
12 1  2
nyi^3  nxi^2  nyi^3   1 Df, y, 3
nxi  nyi^2  nxi  nyi^2  nxi Df, x, 3
 2  nxi^2  nyi  1  nyi  nyi^3   nyi^3  DDf, x, 2, y
nxi^3 ^2   1  nxi^2  2  nxi nyi^2 ^2 
2  nxi nyi^2 ^2  DDf, x, y, 2, i, 1, nb;
Dobcw2f_, i_ : Iftbcw2i  1, Df, x nxi  Df, y nyi,
2 nxi nyi DDf, x, y  1    nyi2 Df, y, 2 ^2  Df, x, 2  
nxi2 Df, x, 2  Df, y, 2  ^2, i, 1, nb;
Lwf_ : Df, x, 4  2 Df, x, 2, y, 2 2  Df, y, 4 4 ;
Aw  Table0., i, 1, 2 nb  ndomain, j, 1, 2 nb  ndomain;
Auv  Table0., i, 1, 2 nb  2 ndomain, j, 1, 2 nb  2 ndomain;
DoAwi, j  bcw1phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  nb, j  bcw2phi, i . x  xbi, y  ybi, xi  xps2j, yi  yps2j,
i, 1, nb, j, 1, ndomain  2 nb;
DoAwi  2 nb, j  Lwphi . x  xdomaini, y  ydomaini, xi  xps2j, yi  yps2j,
i, 1, ndomain, j, 1, 2 nb  ndomain;
DoAuvi, j  phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j,
i, 1, nb, j, 1, ndomain  nb;
DoAuvi  nb, j  LUV11phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  nb, j  nb  ndomain 
LUV12phi . x  xdomaini, y  ydomaini, xi  xps1j, yi  yps1j,
i, 1, ndomain, j, 1, ndomain  nb
DoAuvi  nb  ndomain, j  nb  ndomain 
phi . x  xbi, y  ybi, xi  xps1j, yi  yps1j, i, 1, nb, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  LUV21phi . x  xdomaini, y  ydomaini,
xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;
DoAuvi  2  nb  ndomain, j  nb  ndomain  LUV22phi . x  xdomaini,
y  ydomaini, xi  xps1j, yi  yps1j, i, 1, ndomain, j, 1, ndomain  nb;
Awinv  InverseAw; Auvinv  InverseAuv;
DoIfnk  1, K  2300, Ifnk  2, K  25, K  50;
DoIfnk1  1, K1  0, Ifnk1  2, K1  25, K1  50; DoIfng1  1, G1  0, Ifng1  2, G1  10, G1  20;
Ruv  Table0, i, 1, 2 nb  2 ndomain; Rw  Table0, i, 1, 2 nb  ndomain;
RP  Table0, i, 1, ndomain; AP  Table0, i, 1, ndomain, j, 1, ndomain;
ps  Table0, i, 1, ndomain; pp  Table0, i, 1, ndomain; con  Table0, i, 1, ndomain;
Rwuv  Table0, i, 1, 4 nb  3 ndomain; auv  Table0, i, 1, 2 nb  2 ndomain;
aw  Table0, i, 1, 2 nb  ndomain; awuv  Table0, i, 1, 4 nb  3 ndomain;
NLW11  Table0, i, 1, ndomain; NLW22  Table0, i, 1, ndomain; sp  Table0, i, 1, ndomain;
NLUVW1  Table0, i, 1, ndomain; reaction  Table0, i, 1, ndomain;
NLSHEAR  Table0, i, 1, nb; NLUVW1b  NLUVW1; NLW22b  NLW22; NLW11b  NLW11; NLSHEARb  NLSHEAR;
nout  8; nincr  1  nout; m  nincr  nout;
elaso  2; vs  0.35; Es  10 000;
relf  0.65; px  0; py  0;
pz  400;
Doqz  incr  nincr pz; qzb 
qz 4
e
; qx  incr  nincr px; qy  incr  nincr py;
iter  0; wci0  0; error  1; Whileiter  iter  1; Norerror  0.01, iter  100,
DoRwi  Iftbcw1i  1, vbcw1i  relf  NLSHEARi  1  relf NLSHEARbi,
vbcw1i, i, 1, nb;
DoRwi  2 nb 
1
e
12  qz  4 1  2 
12 4 1  2
e
 psi 
relf  NLUVW1i  1  relf NLUVW1bi, i, 1, ndomain;
DoRuvi  nb 
3 qx 1  2
e
 relf  NLW11i  1  relf NLW11bi, i, 1, ndomain;
DoRuvi  2  nb  ndomain 
3 qy 1  2
e
 relf  NLW22i  1  relf NLW22bi, i, 1, ndomain;
aw  Awinv.Rw; auv  Auvinv.Ruv;
w  Sumawj bcw1phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj  nb bcw2phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj phi . xi  xdomainj, yi  ydomainj, j, 1, ndomain;
u  Sumauvj phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
v  Sumauvj  ndomain  nb phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
wx  Dw, x; wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxx  Dw, x, 2; wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxy  Dw, x, 1, y, 1; wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wy  Dw, y; wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wyy  Dw, y, 2; wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;





wwxi wwyyi 2 1   
1
2
wwxyi wwyi 2 1  ,
i, 1, ndomain;
NLW22  Table
wwyi wwyyi 3 
1
2
wwxxi wwyi  1   
1
2
wwxi wwxyi  1  ,
i, 1, ndomain;
ww  Tablew . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;
uu  Tableu . x  xdomaini, y  ydomaini, i, 1, ndomain; ux  Du, x;
uux  Tableux . x  xdomaini, y  ydomaini, i, 1, ndomain;
uy  Du, y; uuy  Tableuy . x  xdomaini, y  ydomaini, i, 1, ndomain;
vv  Tablev . x  xdomaini, y  ydomaini, i, 1, ndomain; vx  Dv, x;
vvx  Tablevx . x  xdomaini, y  ydomaini, i, 1, ndomain; vy  Dv, y;
vvy  Tablevy . x  xdomaini, y  ydomaini, i, 1, ndomain;
reaction  TableK  wwi, i, 1, ndomain;
NLUVW1 
TableK  wwi K1  wwi3  G1  wwxxi  12  uuxi wwxxi  6  wwxi2  wwxxi 
12  uuyi wwxyi2  12  vvxi wwxyi2  12  wwxi wwxyi wwyi2 
G1  wwyyi2  12  vvyi wwyyi4  6  wwyi2  wwyyi4 
12  vvyi wwxxi2   12  uuyi wwxyi2   12  vvxi wwxyi2  
12  wwxi wwxyi wwyi2   6  wwxxi wwyi2 2  
12  uuxi wwyyi2   6  wwxi2  wwyyi2 , i, 1, ndomain;
wwx  Tablewx . x  xbi, y  ybi, i, 1, nb;
wwy  Tablewy . x  xbi, y  ybi, i, 1, nb;
uux  Tableux . x  xbi, y  ybi, i, 1, nb;
uuy  Tableuy . x  xbi, y  ybi, i, 1, nb;
vvx  Tablevx . x  xbi, y  ybi, i, 1, nb;
vvy  Tablevy . x  xbi, y  ybi, i, 1, nb;
NLSHEAR 
Table1 12 1  212 nyi 3 vvyi wwyi  6 nyi  wwxi^2 wwyi  6 nyi 3
wwyi^3  6 nyi  uuyi wwxi 1    6 nyi  vvxi wwxi 1   
12 nyi  uuxi wwyi   12 nxi uuxi wwxi  6 nxi wwxi^3 
6 nxi ^2 uuyi wwyi  6 nxi ^2 vvxi wwyi 
6 nxi ^2 uuyi wwyi   6 nxi ^2 vvxi wwyi  
6 nxi ^2 wwxi wwyi^2  2 vvyi , i, 1, nb;
Ifelaso  1, rp  TableSqrtx  xj^2  y  yj^2 . x  xdomaini, y  ydomaini,
xj  xdomainj, yj  ydomainj, i, 1, ndomain, j, 1, ndomain;
RP  Tablet  w . x  xdomaini, y  ydomaini, i, 1, ndomain;
AP  TableIfrpi, j  0, 3.525 1  vs^2d1  Pi  Es,
1  vs^2Pi  Es  rpi, j, i, 1, ndomain, j, 1, ndomain;
ps  InverseAP.RP;,
Ifsf  1, wciiter  w . x  0.5, y  0.5; ucincr  u . x  0.5, y  0.5; vcincr 
v . x  0.5, y  0.5, wciiter  w . x  0.0, y  0.0; ucincr  u . x  0.0, y  0.0;
vcincr  v . x  0.0, y  0.0; error  Abswciiter  wciiter  1 wciiter;
qzbiincr  qzb; iteriincr  iter;; Ifsf  1, wcincr  w . x  0.5, y  0.5;
wfincr  w . x  0.5, y  0.0, wcincr  w . x  0.0, y  0.0;
wfincr  w . x  0.7071, y  0.7071;
Defnk, nk1, ng1, incre, incr  w;
MXnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 12 1  ^2;
MYnk, nk1, ng1, incre, incr  Dw, x, 2   Dw, y, 2 ^212 1  ^2;
MXYnk, nk1, ng1, incre, incr  Dw, x, 1, y, 1 12 1  ;
SXXBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 2 1  ^2;
SYYBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^22 1  ^2;
SXXMnk, nk1, ng1, incre, incr 
2 Du, x  Dw, x^2  2 Dv, y  Dw, y^2 ^2 2 1  ^2;
SYYMnk, nk1, ng1, incre, incr  2 Dv, y ^2  ^2 Dw, y^2  2 Du, x   Dw, x^2 
2 1  ^2;
Printqzbiincr, " ", iteriincr, " ", wcincr, " ", wfincr,
incr, 1, nincr; Print"K ", " ", K, " ", "K1 ", " ", K1, " ", "G1" ,
"  ", G1, " ", "relf" , "  ", relf, " ", "c" , "  ", c, " ", "Es" , "  ", Es;,




DoIfnk  1, K  2300, Ifnk  2, K  25, K  50;
DoIfnk1  1, K1  0, Ifnk1  2, K1  25, K1  50; DoIfng1  1, G1  0, Ifng1  2, G1  10, G1  20;
Ruv  Table0, i, 1, 2 nb  2 ndomain; Rw  Table0, i, 1, 2 nb  ndomain;
RP  Table0, i, 1, ndomain; AP  Table0, i, 1, ndomain, j, 1, ndomain;
ps  Table0, i, 1, ndomain; pp  Table0, i, 1, ndomain; con  Table0, i, 1, ndomain;
Rwuv  Table0, i, 1, 4 nb  3 ndomain; auv  Table0, i, 1, 2 nb  2 ndomain;
aw  Table0, i, 1, 2 nb  ndomain; awuv  Table0, i, 1, 4 nb  3 ndomain;
NLW11  Table0, i, 1, ndomain; NLW22  Table0, i, 1, ndomain; sp  Table0, i, 1, ndomain;
NLUVW1  Table0, i, 1, ndomain; reaction  Table0, i, 1, ndomain;
NLSHEAR  Table0, i, 1, nb; NLUVW1b  NLUVW1; NLW22b  NLW22; NLW11b  NLW11; NLSHEARb  NLSHEAR;
nout  8; nincr  1  nout; m  nincr  nout;
elaso  2; vs  0.35; Es  10 000;
relf  0.65; px  0; py  0;
pz  400;
Doqz  incr  nincr pz; qzb 
qz 4
e
; qx  incr  nincr px; qy  incr  nincr py;
iter  0; wci0  0; error  1; Whileiter  iter  1; Norerror  0.01, iter  100,
DoRwi  Iftbcw1i  1, vbcw1i  relf  NLSHEARi  1  relf NLSHEARbi,
vbcw1i, i, 1, nb;
DoRwi  2 nb 
1
e
12  qz  4 1  2 
12 4 1  2
e
 psi 
relf  NLUVW1i  1  relf NLUVW1bi, i, 1, ndomain;
DoRuvi  nb 
3 qx 1  2
e
 relf  NLW11i  1  relf NLW11bi, i, 1, ndomain;
DoRuvi  2  nb  ndomain 
3 qy 1  2
e
 relf  NLW22i  1  relf NLW22bi, i, 1, ndomain;
aw  Awinv.Rw; auv  Auvinv.Ruv;
w  Sumawj bcw1phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj  nb bcw2phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj phi . xi  xdomainj, yi  ydomainj, j, 1, ndomain;
u  Sumauvj phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
v  Sumauvj  ndomain  nb phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
wx  Dw, x; wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxx  Dw, x, 2; wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxy  Dw, x, 1, y, 1; wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wy  Dw, y; wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wyy  Dw, y, 2; wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;





wwxi wwyyi 2 1   
1
2
wwxyi wwyi 2 1  ,
i, 1, ndomain;
NLW22  Table
wwyi wwyyi 3 
1
2
wwxxi wwyi  1   
1
2
wwxi wwxyi  1  ,
i, 1, ndomain;
ww  Tablew . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;
uu  Tableu . x  xdomaini, y  ydomaini, i, 1, ndomain; ux  Du, x;
uux  Tableux . x  xdomaini, y  ydomaini, i, 1, ndomain;
uy  Du, y; uuy  Tableuy . x  xdomaini, y  ydomaini, i, 1, ndomain;
vv  Tablev . x  xdomaini, y  ydomaini, i, 1, ndomain; vx  Dv, x;
vvx  Tablevx . x  xdomaini, y  ydomaini, i, 1, ndomain; vy  Dv, y;
vvy  Tablevy . x  xdomaini, y  ydomaini, i, 1, ndomain;
reaction  TableK  wwi, i, 1, ndomain;
NLUVW1 
TableK  wwi K1  wwi3  G1  wwxxi  12  uuxi wwxxi  6  wwxi2  wwxxi 
12  uuyi wwxyi2  12  vvxi wwxyi2  12  wwxi wwxyi wwyi2 
G1  wwyyi2  12  vvyi wwyyi4  6  wwyi2  wwyyi4 
12  vvyi wwxxi2   12  uuyi wwxyi2   12  vvxi wwxyi2  
12  wwxi wwxyi wwyi2   6  wwxxi wwyi2 2  
12  uuxi wwyyi2   6  wwxi2  wwyyi2 , i, 1, ndomain;
wwx  Tablewx . x  xbi, y  ybi, i, 1, nb;
wwy  Tablewy . x  xbi, y  ybi, i, 1, nb;
uux  Tableux . x  xbi, y  ybi, i, 1, nb;
uuy  Tableuy . x  xbi, y  ybi, i, 1, nb;
vvx  Tablevx . x  xbi, y  ybi, i, 1, nb;
vvy  Tablevy . x  xbi, y  ybi, i, 1, nb;
NLSHEAR 
Table1 12 1  212 nyi 3 vvyi wwyi  6 nyi  wwxi^2 wwyi  6 nyi 3
wwyi^3  6 nyi  uuyi wwxi 1    6 nyi  vvxi wwxi 1   
12 nyi  uuxi wwyi   12 nxi uuxi wwxi  6 nxi wwxi^3 
6 nxi ^2 uuyi wwyi  6 nxi ^2 vvxi wwyi 
6 nxi ^2 uuyi wwyi   6 nxi ^2 vvxi wwyi  
6 nxi ^2 wwxi wwyi^2  2 vvyi , i, 1, nb;
Ifelaso  1, rp  TableSqrtx  xj^2  y  yj^2 . x  xdomaini, y  ydomaini,
xj  xdomainj, yj  ydomainj, i, 1, ndomain, j, 1, ndomain;
RP  Tablet  w . x  xdomaini, y  ydomaini, i, 1, ndomain;
AP  TableIfrpi, j  0, 3.525 1  vs^2d1  Pi  Es,
1  vs^2Pi  Es  rpi, j, i, 1, ndomain, j, 1, ndomain;
ps  InverseAP.RP;,
Ifsf  1, wciiter  w . x  0.5, y  0.5; ucincr  u . x  0.5, y  0.5; vcincr 
v . x  0.5, y  0.5, wciiter  w . x  0.0, y  0.0; ucincr  u . x  0.0, y  0.0;
vcincr  v . x  0.0, y  0.0; error  Abswciiter  wciiter  1 wciiter;
qzbiincr  qzb; iteriincr  iter;; Ifsf  1, wcincr  w . x  0.5, y  0.5;
wfincr  w . x  0.5, y  0.0, wcincr  w . x  0.0, y  0.0;
wfincr  w . x  0.7071, y  0.7071;
Defnk, nk1, ng1, incre, incr  w;
MXnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 12 1  ^2;
MYnk, nk1, ng1, incre, incr  Dw, x, 2   Dw, y, 2 ^212 1  ^2;
MXYnk, nk1, ng1, incre, incr  Dw, x, 1, y, 1 12 1  ;
SXXBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 2 1  ^2;
SYYBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^22 1  ^2;
SXXMnk, nk1, ng1, incre, incr 
2 Du, x  Dw, x^2  2 Dv, y  Dw, y^2 ^2 2 1  ^2;
SYYMnk, nk1, ng1, incre, incr  2 Dv, y ^2  ^2 Dw, y^2  2 Du, x   Dw, x^2 
2 1  ^2;
Printqzbiincr, " ", iteriincr, " ", wcincr, " ", wfincr,
incr, 1, nincr; Print"K ", " ", K, " ", "K1 ", " ", K1, " ", "G1" ,
"  ", G1, " ", "relf" , "  ", relf, " ", "c" , "  ", c, " ", "Es" , "  ", Es;,




DoIfnk  1, K  2300, Ifnk  2, K  25, K  50;
DoIfnk1  1, K1  0, Ifnk1  2, K1  25, K1  50; DoIfng1  1, G1  0, Ifng1  2, G1  10, G1  20;
Ruv  Table0, i, 1, 2 nb  2 ndomain; Rw  Table0, i, 1, 2 nb  ndomain;
RP  Table0, i, 1, ndomain; AP  Table0, i, 1, ndomain, j, 1, ndomain;
ps  Table0, i, 1, ndomain; pp  Table0, i, 1, ndomain; con  Table0, i, 1, ndomain;
Rwuv  Table0, i, 1, 4 nb  3 ndomain; auv  Table0, i, 1, 2 nb  2 ndomain;
aw  Table0, i, 1, 2 nb  ndomain; awuv  Table0, i, 1, 4 nb  3 ndomain;
NLW11  Table0, i, 1, ndomain; NLW22  Table0, i, 1, ndomain; sp  Table0, i, 1, ndomain;
NLUVW1  Table0, i, 1, ndomain; reaction  Table0, i, 1, ndomain;
NLSHEAR  Table0, i, 1, nb; NLUVW1b  NLUVW1; NLW22b  NLW22; NLW11b  NLW11; NLSHEARb  NLSHEAR;
nout  8; nincr  1  nout; m  nincr  nout;
elaso  2; vs  0.35; Es  10 000;
relf  0.65; px  0; py  0;
pz  400;
Doqz  incr  nincr pz; qzb 
qz 4
e
; qx  incr  nincr px; qy  incr  nincr py;
iter  0; wci0  0; error  1; Whileiter  iter  1; Norerror  0.01, iter  100,
DoRwi  Iftbcw1i  1, vbcw1i  relf  NLSHEARi  1  relf NLSHEARbi,
vbcw1i, i, 1, nb;
DoRwi  2 nb 
1
e
12  qz  4 1  2 
12 4 1  2
e
 psi 
relf  NLUVW1i  1  relf NLUVW1bi, i, 1, ndomain;
DoRuvi  nb 
3 qx 1  2
e
 relf  NLW11i  1  relf NLW11bi, i, 1, ndomain;
DoRuvi  2  nb  ndomain 
3 qy 1  2
e
 relf  NLW22i  1  relf NLW22bi, i, 1, ndomain;
aw  Awinv.Rw; auv  Auvinv.Ruv;
w  Sumawj bcw1phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj  nb bcw2phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj phi . xi  xdomainj, yi  ydomainj, j, 1, ndomain;
u  Sumauvj phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
v  Sumauvj  ndomain  nb phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
wx  Dw, x; wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxx  Dw, x, 2; wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxy  Dw, x, 1, y, 1; wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wy  Dw, y; wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wyy  Dw, y, 2; wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;





wwxi wwyyi 2 1   
1
2
wwxyi wwyi 2 1  ,
i, 1, ndomain;
NLW22  Table
wwyi wwyyi 3 
1
2
wwxxi wwyi  1   
1
2
wwxi wwxyi  1  ,
i, 1, ndomain;
ww  Tablew . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;
uu  Tableu . x  xdomaini, y  ydomaini, i, 1, ndomain; ux  Du, x;
uux  Tableux . x  xdomaini, y  ydomaini, i, 1, ndomain;
uy  Du, y; uuy  Tableuy . x  xdomaini, y  ydomaini, i, 1, ndomain;
vv  Tablev . x  xdomaini, y  ydomaini, i, 1, ndomain; vx  Dv, x;
vvx  Tablevx . x  xdomaini, y  ydomaini, i, 1, ndomain; vy  Dv, y;
vvy  Tablevy . x  xdomaini, y  ydomaini, i, 1, ndomain;
reaction  TableK  wwi, i, 1, ndomain;
NLUVW1 
TableK  wwi K1  wwi3  G1  wwxxi  12  uuxi wwxxi  6  wwxi2  wwxxi 
12  uuyi wwxyi2  12  vvxi wwxyi2  12  wwxi wwxyi wwyi2 
G1  wwyyi2  12  vvyi wwyyi4  6  wwyi2  wwyyi4 
12  vvyi wwxxi2   12  uuyi wwxyi2   12  vvxi wwxyi2  
12  wwxi wwxyi wwyi2   6  wwxxi wwyi2 2  
12  uuxi wwyyi2   6  wwxi2  wwyyi2 , i, 1, ndomain;
wwx  Tablewx . x  xbi, y  ybi, i, 1, nb;
wwy  Tablewy . x  xbi, y  ybi, i, 1, nb;
uux  Tableux . x  xbi, y  ybi, i, 1, nb;
uuy  Tableuy . x  xbi, y  ybi, i, 1, nb;
vvx  Tablevx . x  xbi, y  ybi, i, 1, nb;
vvy  Tablevy . x  xbi, y  ybi, i, 1, nb;
NLSHEAR 
Table1 12 1  212 nyi 3 vvyi wwyi  6 nyi  wwxi^2 wwyi  6 nyi 3
wwyi^3  6 nyi  uuyi wwxi 1    6 nyi  vvxi wwxi 1   
12 nyi  uuxi wwyi   12 nxi uuxi wwxi  6 nxi wwxi^3 
6 nxi ^2 uuyi wwyi  6 nxi ^2 vvxi wwyi 
6 nxi ^2 uuyi wwyi   6 nxi ^2 vvxi wwyi  
6 nxi ^2 wwxi wwyi^2  2 vvyi , i, 1, nb;
Ifelaso  1, rp  TableSqrtx  xj^2  y  yj^2 . x  xdomaini, y  ydomaini,
xj  xdomainj, yj  ydomainj, i, 1, ndomain, j, 1, ndomain;
RP  Tablet  w . x  xdomaini, y  ydomaini, i, 1, ndomain;
AP  TableIfrpi, j  0, 3.525 1  vs^2d1  Pi  Es,
1  vs^2Pi  Es  rpi, j, i, 1, ndomain, j, 1, ndomain;
ps  InverseAP.RP;,
Ifsf  1, wciiter  w . x  0.5, y  0.5; ucincr  u . x  0.5, y  0.5; vcincr 
v . x  0.5, y  0.5, wciiter  w . x  0.0, y  0.0; ucincr  u . x  0.0, y  0.0;
vcincr  v . x  0.0, y  0.0; error  Abswciiter  wciiter  1 wciiter;
qzbiincr  qzb; iteriincr  iter;; Ifsf  1, wcincr  w . x  0.5, y  0.5;
wfincr  w . x  0.5, y  0.0, wcincr  w . x  0.0, y  0.0;
wfincr  w . x  0.7071, y  0.7071;
Defnk, nk1, ng1, incre, incr  w;
MXnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 12 1  ^2;
MYnk, nk1, ng1, incre, incr  Dw, x, 2   Dw, y, 2 ^212 1  ^2;
MXYnk, nk1, ng1, incre, incr  Dw, x, 1, y, 1 12 1  ;
SXXBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 2 1  ^2;
SYYBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^22 1  ^2;
SXXMnk, nk1, ng1, incre, incr 
2 Du, x  Dw, x^2  2 Dv, y  Dw, y^2 ^2 2 1  ^2;
SYYMnk, nk1, ng1, incre, incr  2 Dv, y ^2  ^2 Dw, y^2  2 Du, x   Dw, x^2 
2 1  ^2;
Printqzbiincr, " ", iteriincr, " ", wcincr, " ", wfincr,
incr, 1, nincr; Print"K ", " ", K, " ", "K1 ", " ", K1, " ", "G1" ,
"  ", G1, " ", "relf" , "  ", relf, " ", "c" , "  ", c, " ", "Es" , "  ", Es;,









DoIfnk  1, K  2300, Ifnk  2, K  25, K  50;
DoIfnk1  1, K1  0, Ifnk1  2, K1  25, K1  50; DoIfng1  1, G1  0, Ifng1  2, G1  10, G1  20;
Ruv  Table0, i, 1, 2 nb  2 ndomain; Rw  Table0, i, 1, 2 nb  ndomain;
RP  Table0, i, 1, ndomain; AP  Table0, i, 1, ndomain, j, 1, ndomain;
ps  Table0, i, 1, ndomain; pp  Table0, i, 1, ndomain; con  Table0, i, 1, ndomain;
Rwuv  Table0, i, 1, 4 nb  3 ndomain; auv  Table0, i, 1, 2 nb  2 ndomain;
aw  Table0, i, 1, 2 nb  ndomain; awuv  Table0, i, 1, 4 nb  3 ndomain;
NLW11  Table0, i, 1, ndomain; NLW22  Table0, i, 1, ndomain; sp  Table0, i, 1, ndomain;
NLUVW1  Table0, i, 1, ndomain; reaction  Table0, i, 1, ndomain;
NLSHEAR  Table0, i, 1, nb; NLUVW1b  NLUVW1; NLW22b  NLW22; NLW11b  NLW11; NLSHEARb  NLSHEAR;
nout  8; nincr  1  nout; m  nincr  nout;
elaso  2; vs  0.35; Es  10 000;
relf  0.65; px  0; py  0;
pz  400;
Doqz  incr  nincr pz; qzb 
qz 4
e
; qx  incr  nincr px; qy  incr  nincr py;
iter  0; wci0  0; error  1; Whileiter  iter  1; Norerror  0.01, iter  100,
DoRwi  Iftbcw1i  1, vbcw1i  relf  NLSHEARi  1  relf NLSHEARbi,
vbcw1i, i, 1, nb;
DoRwi  2 nb 
1
e
12  qz  4 1  2 
12 4 1  2
e
 psi 
relf  NLUVW1i  1  relf NLUVW1bi, i, 1, ndomain;
DoRuvi  nb 
3 qx 1  2
e
 relf  NLW11i  1  relf NLW11bi, i, 1, ndomain;
DoRuvi  2  nb  ndomain 
3 qy 1  2
e
 relf  NLW22i  1  relf NLW22bi, i, 1, ndomain;
aw  Awinv.Rw; auv  Auvinv.Ruv;
w  Sumawj bcw1phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj  nb bcw2phi, j . xi  xbj, yi  ybj, j, 1, nb 
Sumawj phi . xi  xdomainj, yi  ydomainj, j, 1, ndomain;
u  Sumauvj phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
v  Sumauvj  ndomain  nb phi . xi  xps1j, yi  yps1j, j, 1, nb  ndomain;
wx  Dw, x; wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxx  Dw, x, 2; wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wxy  Dw, x, 1, y, 1; wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wy  Dw, y; wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wyy  Dw, y, 2; wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;





wwxi wwyyi 2 1   
1
2
wwxyi wwyi 2 1  ,
i, 1, ndomain;
NLW22  Table
wwyi wwyyi 3 
1
2
wwxxi wwyi  1   
1
2
wwxi wwxyi  1  ,
i, 1, ndomain;
ww  Tablew . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwx  Tablewx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxx  Tablewxx . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwxy  Tablewxy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwy  Tablewy . x  xdomaini, y  ydomaini, i, 1, ndomain;
wwyy  Tablewyy . x  xdomaini, y  ydomaini, i, 1, ndomain;
uu  Tableu . x  xdomaini, y  ydomaini, i, 1, ndomain; ux  Du, x;
uux  Tableux . x  xdomaini, y  ydomaini, i, 1, ndomain;
uy  Du, y; uuy  Tableuy . x  xdomaini, y  ydomaini, i, 1, ndomain;
vv  Tablev . x  xdomaini, y  ydomaini, i, 1, ndomain; vx  Dv, x;
vvx  Tablevx . x  xdomaini, y  ydomaini, i, 1, ndomain; vy  Dv, y;
vvy  Tablevy . x  xdomaini, y  ydomaini, i, 1, ndomain;
reaction  TableK  wwi, i, 1, ndomain;
NLUVW1 
TableK  wwi K1  wwi3  G1  wwxxi  12  uuxi wwxxi  6  wwxi2  wwxxi 
12  uuyi wwxyi2  12  vvxi wwxyi2  12  wwxi wwxyi wwyi2 
G1  wwyyi2  12  vvyi wwyyi4  6  wwyi2  wwyyi4 
12  vvyi wwxxi2   12  uuyi wwxyi2   12  vvxi wwxyi2  
12  wwxi wwxyi wwyi2   6  wwxxi wwyi2 2  
12  uuxi wwyyi2   6  wwxi2  wwyyi2 , i, 1, ndomain;
wwx  Tablewx . x  xbi, y  ybi, i, 1, nb;
wwy  Tablewy . x  xbi, y  ybi, i, 1, nb;
uux  Tableux . x  xbi, y  ybi, i, 1, nb;
uuy  Tableuy . x  xbi, y  ybi, i, 1, nb;
vvx  Tablevx . x  xbi, y  ybi, i, 1, nb;
vvy  Tablevy . x  xbi, y  ybi, i, 1, nb;
NLSHEAR 
Table1 12 1  212 nyi 3 vvyi wwyi  6 nyi  wwxi^2 wwyi  6 nyi 3
wwyi^3  6 nyi  uuyi wwxi 1    6 nyi  vvxi wwxi 1   
12 nyi  uuxi wwyi   12 nxi uuxi wwxi  6 nxi wwxi^3 
6 nxi ^2 uuyi wwyi  6 nxi ^2 vvxi wwyi 
6 nxi ^2 uuyi wwyi   6 nxi ^2 vvxi wwyi  
6 nxi ^2 wwxi wwyi^2  2 vvyi , i, 1, nb;
Ifelaso  1, rp  TableSqrtx  xj^2  y  yj^2 . x  xdomaini, y  ydomaini,
xj  xdomainj, yj  ydomainj, i, 1, ndomain, j, 1, ndomain;
RP  Tablet  w . x  xdomaini, y  ydomaini, i, 1, ndomain;
AP  TableIfrpi, j  0, 3.525 1  vs^2d1  Pi  Es,
1  vs^2Pi  Es  rpi, j, i, 1, ndomain, j, 1, ndomain;
ps  InverseAP.RP;,
Ifsf  1, wciiter  w . x  0.5, y  0.5; ucincr  u . x  0.5, y  0.5; vcincr 
v . x  0.5, y  0.5, wciiter  w . x  0.0, y  0.0; ucincr  u . x  0.0, y  0.0;
vcincr  v . x  0.0, y  0.0; error  Abswciiter  wciiter  1 wciiter;
qzbiincr  qzb; iteriincr  iter;; Ifsf  1, wcincr  w . x  0.5, y  0.5;
wfincr  w . x  0.5, y  0.0, wcincr  w . x  0.0, y  0.0;
wfincr  w . x  0.7071, y  0.7071;
Defnk, nk1, ng1, incre, incr  w;
MXnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 12 1  ^2;
MYnk, nk1, ng1, incre, incr  Dw, x, 2   Dw, y, 2 ^212 1  ^2;
MXYnk, nk1, ng1, incre, incr  Dw, x, 1, y, 1 12 1  ;
SXXBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^2 2 1  ^2;
SYYBnk, nk1, ng1, incre, incr  Dw, x, 2  Dw, y, 2 ^22 1  ^2;
SXXMnk, nk1, ng1, incre, incr 
2 Du, x  Dw, x^2  2 Dv, y  Dw, y^2 ^2 2 1  ^2;
SYYMnk, nk1, ng1, incre, incr  2 Dv, y ^2  ^2 Dw, y^2  2 Du, x   Dw, x^2 
2 1  ^2;
Printqzbiincr, " ", iteriincr, " ", wcincr, " ", wfincr,
incr, 1, nincr; Print"K ", " ", K, " ", "K1 ", " ", K1, " ", "G1" ,
"  ", G1, " ", "relf" , "  ", relf, " ", "c" , "  ", c, " ", "Es" , "  ", Es;,
ng1, 1, 1, nk1, 1, 1, nk, 1, 1
If[sf == 1, deflections = Do[Do[Do[Do[Print[Def[nk, nk1, ng1, incre, incr] /. {{x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.0}, {x -> 0.5, y 
-> 0.0}}], {incr, m, nincr, m}], {ng1, 1, 1}], {nk1, 1, 1}], {nk, 1, 1}], deflections = Do[Do[Do[Do[Print[Def[nk, nk1, ng1, incre, incr] /. {x -> Table[i, 
{i, -1.2, 1.2, 0.2}], y -> 0}], {incre, 1, nincre}, {incr, m, nincr, m}], {ng1, 1, 3}], {nk1, 1, 3}], {nk, 1, 3}]];
If[sf == 1, bendingstress = Do[Do[Do[Do[Print[SXXB[nk, nk1, ng1, incre, incr] /. {{x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.0}, {x -> 
0.5, y -> 0.0}, {x -> 1.0, y -> 0.5}, {x -> 1.0, y -> 0.5}}], {incr, m, nincr, m}], {ng1, 1, 1}], {nk1, 1, 1}], {nk, 1, 1}], bendingstress = 
Do[Do[Do[Do[Print[SYYB[nk, nk1, ng1, incre, incr] /. {x -> Table[i, {i, -1.2, 1.2, 0.2}], y -> 0}], {incre, 1, nincre}, {incr, m, nincr, m}], {ng1, 1, 3}], 
{nk1, 1, 3}], {nk, 1, 3}]];
If[sf == 1, membranestress = Do[Do[Do[Do[Print[SXXM[nk, nk1, ng1, incre, incr] /. {{x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.5}, {x -> 0.5, y -> 0.0}, {x 
-> 0.5, y -> 0.0}, {x -> 1.0, y -> 0.5}, {x -> 1.0, y -> 0.5}}], {incr, m, nincr, m}], {ng1, 1, 1}], {nk1, 1, 1}], {nk, 1, 1}], membranestress = 
Do[Do[Do[Do[Print[SXXM[nk, nk1, ng1, incre, incr] /. {x -> Table[i, {i, -1.2, 1.2, 0.2}], y -> 0}], {incre, 1, nincre}, {incr, m, nincr, m}], {ng1, 1, 3}], 
{nk1, 1, 3}], {nk, 1, 3}]];
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Error %  
Average 
Error % 
0.1 26.78 13.87  0.10 23.40 13.90  
0.12 10.10 3.69  0.12 4.38 3.10  
0.14 2.65 2.41  0.14 2.69 5.14  
0.16 0.69 4.05  0.16 4.63 8.11  
0.18 1.51 4.76  0.18 4.83 9.31  
0.2 1.96 5.01  0.20 4.55 6.86  
0.22 2.13 5.09  0.22 4.18 6.75  
0.24 2.19 5.11  0.24 3.84 6.49  
0.26 2.20 5.10  0.26 3.55 6.09  
0.28 2.20 5.08  0.28 3.30 5.76  
0.3 2.19 5.07  0.30 3.10 5.52  
0.32 2.19 5.06  0.32 2.94 5.46  
0.34 2.19 5.05  0.34 2.81 5.46  
0.36 2.20 5.05  0.36 2.70 5.45  
0.38 2.21 5.05  0.38 2.61 5.44  
0.4 2.22 5.05  0.40 2.54 5.43  
0.42 2.24 5.06  0.42 2.49 5.42  
0.44 2.26 5.07  0.44 2.44 5.42  
0.46 2.28 5.08  0.46 2.41 5.43  
0.48 2.31 5.09  0.48 2.39 5.43  
0.5 2.33 5.10  0.50 2.37 5.45  
0.52 2.36 5.11  0.52 2.36 5.46  
0.54 2.39 5.14  0.54 2.36 5.48  
0.56 2.41 5.16  0.56 2.36 5.50  
0.58 2.44 5.11  0.58 2.37 5.52  
0.6 2.49 5.27  0.60 2.35 5.54  
0.62 2.29 4.92  0.62 2.41 5.59  
0.64 2.30 5.04  0.64 2.39 5.61  
0.66 2.45 4.92  0.66 2.49 5.66  
0.68 2.64 5.19  0.68 2.25 5.58  
0.7 3.23 3.54  0.70 1.56 5.30  
0.72 5.74 5.04  0.72 1.50 5.39  
  
  0.74 3.35 6.26  
  
  0.76 6.22 5.19  
  
  0.78 2.05 4.84  
  

















Error %  
Average 
Error % 
0.10 32.41 14.51  0.10 36.76 16.02  
0.12 13.15 3.96  0.12 9.41 3.76  
0.14 4.38 2.42  0.14 2.37 5.10  
0.16 0.89 3.94  0.16 5.52 6.66  
0.18 0.68 4.66  0.18 5.67 6.84  
0.20 1.00 4.91  0.20 5.02 6.64  
0.22 1.15 4.99  0.22 4.25 6.38  
0.24 1.20 5.01  0.24 3.57 6.13  
0.26 1.20 5.00  0.26 3.00 5.92  
0.28 1.18 4.98  0.28 2.53 5.75  
0.30 1.17 4.96  0.30 2.15 5.61  
0.32 1.15 4.95  0.32 1.84 5.51  
0.34 1.14 4.94  0.34 1.58 5.42  
0.36 1.13 4.93  0.36 1.37 5.36  
0.38 1.12 4.93  0.38 1.20 5.31  
0.40 1.12 4.93  0.40 1.07 5.27  
0.42 1.13 4.94  0.42 0.96 5.25  
0.44 1.14 4.94  0.44 0.89 5.24  
0.46 1.15 4.95  0.46 0.85 5.24  
0.48 1.16 4.96  0.48 0.82 5.24  
0.50 1.17 4.97  0.50 0.80 5.25  
0.52 1.19 4.98  0.52 0.79 5.27  
0.54 1.20 5.00  0.54 0.78 5.28  
0.56 1.21 5.01  0.56 0.78 5.31  
0.58 1.27 4.97  0.58 0.79 5.33  
0.60 1.21 5.11  0.60 0.80 5.36  
0.62 1.18 4.80  0.62 0.81 5.39  
0.64 1.07 4.90  0.64 0.82 5.42  
0.66 1.45 4.81  0.66 0.83 5.45  
0.68 1.43 5.06  0.68 0.87 5.46  
0.70 1.77 3.52  0.70 0.88 5.56  
0.72 0.87 4.03  0.72 0.96 5.68  
0.74 1.30 3.47  0.74 1.04 5.67  
0.76 2.80 12.36  0.76 1.21 5.56  
0.78 13.23 27.24  0.78 1.12 5.59  













Error %  
Average 
Error % 
Average Error %  
Average 
Error % 
0.10 33.00 22.78  0.10 42.18 39.83  
0.12 16.27 9.79  0.12 25.04 27.09  
0.14 8.55 4.16  0.14 17.66 21.51  
0.16 5.29 2.26  0.16 14.73 18.99  
0.18 3.88 1.60  0.18 13.33 17.52  
0.20 3.20 1.29  0.20 12.39 16.32  
0.22 2.81 1.11  0.22 11.55 15.16  
0.24 2.55 1.05  0.24 10.71 14.00  
0.26 2.33 1.01  0.26 9.87 12.82  
0.28 2.13 0.98  0.28 9.02 11.65  
0.30 1.95 0.94  0.30 8.18 10.49  
0.32 1.78 0.92  0.32 7.37 9.35  
0.34 1.61 0.92  0.34 6.57 8.26  
0.36 1.47 0.99  0.36 5.81 7.20  
0.38 1.35 1.15  0.38 5.07 6.19  
0.40 1.24 1.34  0.40 4.38 5.22  
0.42 1.17 1.53  0.42 3.72 4.35  
0.44 1.11 1.74  0.44 3.10 3.88  
0.46 1.11 1.95  0.46 2.53 3.67  
0.48 1.12 2.16  0.48 1.99 4.85  
0.50 1.13 2.37  0.50 1.49 7.16  
0.52 1.23 2.59  0.52 1.03 10.06  
0.54 1.34 2.80  0.54 0.61 2147.04  
0.56 1.43 3.01  0.56 0.22   
0.58 1.53 3.21  0.58 0.15   
0.60 1.70 3.45  0.60 0.50   
0.62 1.68 3.54  0.62 0.70   
0.64 1.91 3.73  0.64 0.99   
0.66 1.89 3.87  0.66 1.03   
0.68 3.19 4.47  0.68 1.80   
0.70 14.47 7.83  0.70 5.75   
0.72 27.81 10.14  0.72 13.02   
0.74 
 
14.02  0.74    
0.76 
 
  0.76    
0.78 
 
  0.78    
0.80 
 
  0.80    
 
















Error %  
Average 
Error % 
0.10 50.70 28.17  0.10 75.17 51.36  
0.12 32.71 14.01  0.12 62.88 39.27  
0.14 22.71 7.49  0.14 55.79 33.57  
0.16 18.09 5.04  0.16 52.54 30.91  
0.18 15.99 4.16  0.18 50.85 29.29  
0.20 14.92 3.73  0.20 49.58 27.93  
0.22 14.29 3.48  0.22 48.34 26.57  
0.24 13.83 3.32  0.24 47.02 25.17  
0.26 13.44 3.19  0.26 45.58 23.71  
0.28 13.07 3.08  0.28 44.04 22.21  
0.30 12.69 2.97  0.30 42.41 20.70  
0.32 12.28 2.85  0.32 40.71 19.19  
0.34 11.84 2.72  0.34 38.95 17.69  
0.36 11.36 2.63  0.36 37.14 16.21  
0.38 10.84 2.53  0.38 35.29 14.76  
0.40 10.30 2.42  0.40 33.42 13.34  
0.42 9.72 2.30  0.42 31.53 11.97  
0.44 9.13 2.17  0.44 29.64 10.64  
0.46 8.51 2.04  0.46 27.76 9.55  
0.48 7.89 1.98  0.48 25.89 8.77  
0.50 7.26 1.92  0.50 24.07 8.04  
0.52 6.62 1.89  0.52 22.28 7.36  
0.54 5.98 1.92  0.54 20.56 6.73  
0.56 5.35 2.00  0.56 18.90 6.15  
0.58 4.72 2.17  0.58 17.31 5.61  
0.60 4.10 2.45  0.60 15.80 5.12  
0.62 3.48 2.75  0.62 14.38 4.67  
0.64 2.87 3.04  0.64 13.05 4.26  
0.66 2.23 3.37  0.66 11.81 4.02  
0.68 1.56 3.72  0.68 10.64 3.78  
0.70 0.51 5.02  0.70 9.57 3.58  
0.72 0.41 4.46  0.72 8.60 3.50  
0.74 0.75 5.29  0.74 7.72 3.45  
0.76 0.10 4.64  0.76 6.86 3.46  
0.78 1.08 2.15  0.78 6.03 3.50  


















Error %  
Average 
Error % 
0.10 91.72 83.95  0.10 88.68 77.46  
0.12 84.30 72.17  0.12 79.05 65.36  
0.14 73.03 57.24  0.14 64.76 53.19  
0.16 58.21 41.21  0.16 47.19 42.54  
0.18 42.13 26.68  0.18 30.27 34.67  
0.20 27.82 15.33  0.20 16.96 8.21  
0.22 16.96 7.39  0.22 7.74   
0.24 9.56 3.73  0.24 1.84   
0.26 4.86 2.54  0.26 1.76   
0.28 2.01 2.87  0.28 3.89   
0.30 0.47 3.84  0.30 5.13   
0.32 0.86 4.43  0.32 5.84   
0.34 1.20 4.77  0.34 6.24   
0.36 1.54 5.02  0.36 6.47   
0.38 1.77 5.32  0.38 6.60   
0.40 2.02 High  0.40 6.67   
0.42 5.96 High  0.42 6.71   
0.44 1.54 High  0.44 6.73   
0.46 1.75 High  0.46 6.74   
0.48 1.85 5.01  0.48 6.75   
0.50 1.91 5.09  0.50 6.76   
0.52 1.96 5.15  0.52 6.77   
0.54 2.00 5.21  0.54 6.77   
0.56 2.03 5.26  0.56 6.78   
0.58 2.07 5.30  0.58 6.79   
0.60 2.09 5.35  0.60 6.80   
0.62 2.12 5.38  0.62 6.81   
0.64 2.14 5.42  0.64 6.82   
0.66 2.16 5.45  0.66 6.83   
0.68 2.18 5.48  0.68 6.84   
0.70 2.20 5.50  0.70 6.85   
0.72 2.21 5.53  0.72 6.87   
0.74 2.23 5.55  0.74 6.88   
0.76 2.24 5.57  0.76 6.90   
0.78 2.25 5.59  0.78 6.91   
0.80 2.26 5.60  0.80 6.92   
 




Table B.6 Shape Variables and Average Errors % for CI-CC-MO and CI-SS-MO 











Error %  
Average 
Error % 
0.10 93.46 84.57  0.10 93.64 77.79  
0.12 87.59 73.23  0.12 87.84 63.11  
0.14 78.54 58.76  0.14 78.73 46.40  
0.16 66.15 43.03  0.16 65.70 30.44  
0.18 51.44 28.49  0.18 49.50 17.12  
0.20 36.66 16.87  0.20 33.07 9.75  
0.22 24.13 8.59  0.22 19.75 20.25  
0.24 14.94 4.53  0.24 10.61   
0.26 8.84 2.96  0.26 4.91   
0.28 5.06 2.83  0.28 1.77   
0.30 2.79 3.37  0.30 1.22   
0.32 1.47 3.99  0.32 1.66   
0.34 0.69 4.37  0.34 2.09   
0.36 0.45 4.63  0.36 2.41   
0.38 0.45 4.95  0.38 2.57   
0.40 0.57 High  0.40 2.64   
0.42 2.10 High  0.42 2.58   
0.44 0.35 High  0.44 2.74   
0.46 0.41 High  0.46 2.72   
0.48 0.46 4.63  0.48 2.71   
0.50 0.50 4.71  0.50 2.70   
0.52 0.52 4.78  0.52 2.69   
0.54 0.55 4.84  0.54 2.68   
0.56 0.58 4.89  0.56 2.67   
0.58 0.61 4.94  0.58 2.66   
0.60 0.63 4.98  0.60 2.66   
0.62 0.65 5.02  0.62 2.66   
0.64 0.67 5.06  0.64 2.65   
0.66 0.69 5.09  0.66 2.65   
0.68 0.71 5.12  0.68 2.65   
0.70 0.72 5.15  0.70 2.65   
0.72 0.73 5.17  0.72 2.65   
0.74 0.75 5.20  0.74 2.65   
0.76 0.76 5.21  0.76 2.64   
0.78 0.77 5.23  0.78 2.64   


















Error %  
Average 
Error % 
0.10 90.69 84.36  0.10 89.48 81.82  
0.12 82.40 72.38  0.12 80.62 69.33  
0.14 70.14 56.98  0.14 67.30 53.95  
0.16 54.61 40.37  0.16 50.32 38.05  
0.18 38.29 25.33  0.18 33.31 24.34  
0.20 24.02 13.62  0.20 19.50 14.14  
0.22 13.25 5.49  0.22 9.70 7.17  
0.24 5.91 2.24  0.24 3.34 3.05  
0.26 1.26 2.80  0.26 1.79   
0.28 1.54 4.56  0.28 3.45   
0.30 3.18 5.50  0.30 5.10   
0.32 4.13 5.99  0.32 6.18   
0.34 4.74 6.28  0.34 6.93   
0.36 5.25 6.56  0.36 7.47   
0.38 5.95 7.12  0.38 7.89   
0.40 7.44 9.46  0.40 8.23   
0.42 High High  0.42 8.51   
0.44 High High  0.44 8.76   
0.46 High High  0.46 8.98   
0.48 5.03 1.56  0.48 9.17   
0.50 3.17 2.18  0.50 9.35   
0.52 2.51 2.50  0.52 9.51   
0.54 2.38 2.70  0.54 9.65   
0.56 2.35 2.82  0.56 9.78   
0.58 2.36 2.91  0.58 9.90   
0.60 2.39 2.96  0.60 10.01   
0.62 2.46 3.00  0.62 10.11   
0.64 2.54 3.01  0.64 10.20   
0.66 2.60 3.01  0.66 10.28   
0.68 2.66 2.98  0.68 10.35   
0.70 2.70 2.95  0.70 10.42   
0.72 2.72 2.89  0.72 10.50   
0.74 2.73 2.81  0.74 10.59   
0.76 2.74 2.72  0.76 10.70   
0.78 2.76 2.60  0.78 10.83   
0.80 2.76 2.46  0.80 10.96   
 
















Error %  
Average 
Error % 
0.10 92.83 83.48  0.10 92.39 82.44  
0.12 86.38 71.17  0.12 85.82 69.94  
0.14 76.54 55.63  0.14 75.78 54.31  
0.16 63.26 39.09  0.16 61.66 37.44  
0.18 47.57 24.20  0.18 43.71 21.77  
0.20 31.45 12.60  0.20 23.53 9.09  
0.22 17.04 5.06  0.22 7.11 2.63  
0.24 6.48 2.32  0.24 13.16 6.73  
0.26 4.70 3.85  0.26 26.02 10.95  
0.28 6.82 5.62  0.28 34.91 13.57  
0.30 9.51 6.55  0.30 40.65 14.85  
0.32 10.93 7.00  0.32 44.12 15.31  
0.34 11.70 7.26  0.34 46.07 16.13  
0.36 12.34 7.53  0.36 47.03 16.95  
0.38 13.56 8.19  0.38 47.30 17.30  
0.40 19.70 12.28  0.40 45.79 17.20  
0.42 High High  0.42 48.08 16.96  
0.44 6.00 High  0.44 48.50 16.63  
0.46 High High  0.46 66.22 16.25  
0.48 8.44 1.48  0.48 45.39 16.04  
0.50 4.29 2.08  0.50 45.25 15.87  
0.52 3.02 2.44  0.52 44.99 15.74  
0.54 2.47 2.70  0.54 44.71 15.66  
0.56 2.15 2.85  0.56 44.45 15.60  
0.58 1.97 2.94  0.58 44.23 15.55  
0.60 1.82 2.99  0.60 44.04 15.52  
0.62 1.69 3.01  0.62 43.89 15.49  
0.64 1.55 3.01  0.64 43.77 15.47  
0.66 1.44 2.98  0.66 43.68 15.45  
0.68 1.36 2.93  0.68 43.62 15.43  
0.70 1.29 2.86  0.70 43.59 15.42  
0.72 1.28 2.77  0.72 43.56 15.41  
0.74 1.34 2.65  0.74 43.56 15.40  
0.76 1.49 2.51  0.76 43.55 15.39  
0.78 1.72 2.36  0.78 43.55 15.38  





Appendix C Correlations of Foundation Parameters 
Table C.1 Results of loads, soil reactions, Young’s Modulus and  𝑤  at υs=0.35 
Es q  𝑃 ∗ 100 w  Es q  𝑃 ∗ 100 w  Es q  𝑃 ∗ 100 w  
100 1 -0.002144 -0.001470 100 4 -0.008026 -0.005528 100 7 -0.012602 -0.008730 
200 1 -0.003678 -0.001268 200 4 -0.014081 -0.004869 200 7 -0.022712 -0.007892 
400 1 -0.005697 -0.000992 400 4 -0.022324 -0.003894 400 7 -0.037311 -0.006529 
600 1 -0.006941 -0.000814 600 4 -0.027479 -0.003224 600 7 -0.046812 -0.005503 
800 1 -0.007766 -0.000689 800 4 -0.030898 -0.002743 800 7 -0.053196 -0.004728 
1000 1 -0.008340 -0.000597 1000 4 -0.033272 -0.002382 1000 7 -0.057635 -0.004130 
1200 1 -0.008755 -0.000526 1200 4 -0.034984 -0.002104 1200 7 -0.060836 -0.003660 
1400 1 -0.009063 -0.000471 1400 4 -0.036242 -0.001882 1400 7 -0.063164 -0.003281 
1600 1 -0.009295 -0.000425 1600 4 -0.037190 -0.001702 1600 7 -0.064911 -0.002971 
1800 1 -0.009474 -0.000388 1800 4 -0.037916 -0.001553 1800 7 -0.066242 -0.002713 
2000 1 -0.009612 -0.000357 2000 4 -0.038477 -0.001427 2000 7 -0.067269 -0.002495 
2200 1 -0.009721 -0.000330 2200 4 -0.038916 -0.001320 2200 7 -0.068067 -0.002309 
2400 1 -0.009806 -0.000307 2400 4 -0.039260 -0.001228 2400 7 -0.068692 -0.002148 
2600 1 -0.009873 -0.000287 2600 4 -0.039531 -0.001147 2600 7 -0.069183 -0.002008 
2800 1 -0.009926 -0.000269 2800 4 -0.039744 -0.001077 2800 7 -0.069569 -0.001884 
3000 1 -0.009968 -0.000253 3000 4 -0.039912 -0.001014 3000 7 -0.069872 -0.001775 
100 2 -0.004232 -0.002905 100 5 -0.009694 -0.006689 100 8 -0.013873 -0.009629 
200 2 -0.007297 -0.002517 200 5 -0.017172 -0.005947 200 8 -0.025198 -0.008769 
400 2 -0.011356 -0.001978 400 5 -0.027541 -0.004809 400 8 -0.041850 -0.007331 
600 2 -0.013863 -0.001625 600 5 -0.034097 -0.004003 600 8 -0.052875 -0.006221 
800 2 -0.015524 -0.001377 800 5 -0.038456 -0.003415 800 8 -0.060341 -0.005365 
1000 2 -0.016681 -0.001194 1000 5 -0.041482 -0.002971 1000 8 -0.065546 -0.004698 
1200 2 -0.017515 -0.001053 1200 5 -0.043662 -0.002626 1200 8 -0.069305 -0.004170 
1400 2 -0.018132 -0.000942 1400 5 -0.045259 -0.002351 1400 8 -0.072030 -0.003742 
1600 2 -0.018598 -0.000851 1600 5 -0.046461 -0.002126 1600 8 -0.074073 -0.003390 
1800 2 -0.018956 -0.000776 1800 5 -0.047380 -0.001940 1800 8 -0.075627 -0.003097 
2000 2 -0.019233 -0.000713 2000 5 -0.048090 -0.001783 2000 8 -0.076825 -0.002849 
2200 2 -0.019450 -0.000660 2200 5 -0.048644 -0.001650 2200 8 -0.077755 -0.002637 
2400 2 -0.019620 -0.000614 2400 5 -0.049078 -0.001535 2400 8 -0.078482 -0.002454 
2600 2 -0.019755 -0.000573 2600 5 -0.049419 -0.001434 2600 8 -0.079053 -0.002294 
2800 2 -0.019861 -0.000538 2800 5 -0.049688 -0.001346 2800 8 -0.079501 -0.002153 
3000 2 -0.019944 -0.000507 3000 5 -0.049900 -0.001268 3000 8 -0.079852 -0.002028 
100 3 -0.006203 -0.004264 100 6 -0.011215 -0.007754 100 9 -0.015042 -0.010459 
200 3 -0.010780 -0.003723 200 6 -0.020048 -0.006954 200 9 -0.027504 -0.009587 
400 3 -0.016916 -0.002949 400 6 -0.032541 -0.005688 400 9 -0.046160 -0.008095 
600 3 -0.020723 -0.002431 600 6 -0.040548 -0.004764 600 9 -0.058728 -0.006915 
800 3 -0.023245 -0.002063 800 6 -0.045896 -0.004077 800 9 -0.067318 -0.005989 
1000 3 -0.024998 -0.001790 1000 6 -0.049609 -0.003554 1000 9 -0.073329 -0.005258 
1200 3 -0.026263 -0.001579 1200 6 -0.052284 -0.003145 1200 9 -0.077679 -0.004675 
1400 3 -0.027196 -0.001412 1400 6 -0.054237 -0.002817 1400 9 -0.080826 -0.004199 
1600 3 -0.027899 -0.001277 1600 6 -0.055704 -0.002549 1600 9 -0.083182 -0.003807 
1800 3 -0.028439 -0.001165 1800 6 -0.056824 -0.002327 1800 9 -0.084973 -0.003480 
2000 3 -0.028856 -0.001070 2000 6 -0.057689 -0.002139 2000 9 -0.086351 -0.003202 
2200 3 -0.029183 -0.000990 2200 6 -0.058362 -0.001979 2200 9 -0.087420 -0.002965 
2400 3 -0.029439 -0.000921 2400 6 -0.058890 -0.001841 2400 9 -0.088255 -0.002759 
2600 3 -0.029642 -0.000860 2600 6 -0.059304 -0.001721 2600 9 -0.088910 -0.002580 
2800 3 -0.029801 -0.000807 2800 6 -0.059631 -0.001615 2800 9 -0.089424 -0.002422 




Table C.2 Results of K’s at different values of υs and Es  for NL-W 
Es 
NL-W,  K at different values of υs 
0.15 0.2 0.25 0.3 0.35 0.40 0.45 
100 15.0431 15.0431 15.0781 15.1132 15.2196 15.3639 15.623 
200 30.3361 30.3361 30.4161 30.6588 30.9884 31.4965 32.4724 
400 60.1419 60.3397 60.5389 61.1443 62.1806 64.1374 67.1915 
600 89.0987 89.0987 89.4523 90.8951 92.7654 96.3333 102 
800 117.146 117.146 117.691 119.356 122.832 127.795 136.776 
1000 145.068 145.068 145.844 148.222 152.362 159.49 171.528 
1200 171.66 171.66 173.741 175.872 181.438 189.849 206.239 
1400 197.535 198.86 200.204 202.946 210.143 221.121 238.953 
1600 226.168 226.168 227.856 231.308 238.537 252.337 272.614 
1800 249.242 249.242 251.268 257.55 266.431 278.432 306 
2000 276.326 276.326 278.771 283.794 294.403 311.893 338.693 
2200 303.406 303.406 306.323 312.33 321.832 339.889 371.22 
2400 327.032 327.39 330.468 337.125 348.908 368.794 403.279 
2600 352.128 352.523 355.888 363.166 376.042 397.765 435.416 
2800 377.172 377.605 381.261 389.16 403.13 426.691 467.508 
3000 401.519 401.991 405.932 414.439 429.48 454.841 498.753 
 
Table C.3 Results of K1’s at different values of υs and Es  for NL-W 
Es 
NL-W,  K1 at different values of υs 
0.15 0.2 0.25 0.3 0.35 0.40 0.45 
100 0.34018 0.34018 0.34097 0.34176 0.34417 0.34743 0.35329 
200 0.49809 0.49809 0.4994 0.50339 0.5088 0.51714 0.53316 
400 0.59652 0.59848 0.60046 0.60646 0.61674 0.63615 0.66644 
600 0.59204 0.59204 0.59438 0.60397 0.6164 0.64011 0.67776 
800 0.55686 0.55686 0.55945 0.56736 0.58389 0.60748 0.65017 
1000 0.51755 0.51755 0.52032 0.5288 0.54358 0.56901 0.61195 
1200 0.47629 0.47629 0.48206 0.48798 0.50342 0.52676 0.57223 
1400 0.43754 0.44048 0.44346 0.44953 0.46547 0.48979 0.52929 
1600 0.40923 0.40923 0.41228 0.41853 0.43161 0.45658 0.49327 
1800 0.37539 0.37539 0.37844 0.3879 0.40128 0.41935 0.46087 
2000 0.35102 0.35102 0.35413 0.36051 0.37399 0.3962 0.43025 
2200 0.32994 0.32994 0.33312 0.33965 0.34998 0.36962 0.40369 
2400 0.30754 0.30787 0.31077 0.31703 0.32811 0.34681 0.37924 
2600 0.28915 0.28947 0.29224 0.29821 0.30878 0.32662 0.35754 
2800 0.27258 0.27289 0.27554 0.28124 0.29134 0.30837 0.33787 





Table C.4 Poisson’s Ratios and Corresponding Values of Equation Constants  for NL-W 
NL-W, K NL-W, K1 
υs C1 C2 C3 C4 C5 C6 C7 
0.15 0.1327 8.52 -7.86E-14 5.67E-10 -1.38E-06 1.15E-03 0.2825 
0.2 0.133 8.53 -7.86E-14 5.67E-10 -1.38E-06 1.16E-03 0.2826 
0.25 0.1344 8.2 -7.85E-14 5.67E-10 -1.39E-06 1.16E-03 0.2829 
0.3 0.13743 7.56 -8.03E-14 5.80E-10 -1.42E-06 1.19E-03 0.2816 
0.35 0.1427 6.75 -8.14E-14 5.90E-10 -1.45E-06 1.23E-03 0.2802 
0.4 0.1516 5.164 -8.47E-14 6.16E-10 -1.52E-06 1.31E-03 0.2764 
0.45 0.1671 2.368 -8.92E-14 6.53E-10 -1.63E-06 1.43E-03 0.2713 
Table C.5 Results of K’s at different values of υs and Es  for Pasternak 
Es 
Pasternak (P),  K at different values of υs 
0.15 0.2 0.25 0.3 0.35 0.4 0.45 
100 0.24473 0.24473 0.2453 0.24587 0.2476 0.24995 0.25417 
200 0.49596 0.49596 0.49727 0.50124 0.50663 0.51494 0.53089 
400 1.02324 1.02661 1.02999 1.04029 1.05793 1.09122 1.14318 
600 1.58877 1.58877 1.59508 1.62081 1.65416 1.71778 1.81882 
800 2.18817 2.18817 2.19834 2.22945 2.29439 2.38709 2.55483 
1000 2.83721 2.83721 2.85238 2.89888 2.97986 3.11927 3.35468 
1200 3.50688 3.50688 3.54939 3.59294 3.70664 3.87847 4.2133 
1400 4.20358 4.23179 4.26038 4.31875 4.47189 4.7055 5.08497 
1600 5.00746 5.00746 5.04483 5.12127 5.28131 5.58684 6.03578 
1800 5.73429 5.73429 5.78091 5.92543 6.12976 6.40588 7.04012 
2000 6.5872 6.5872 6.64549 6.76523 7.01814 7.43506 8.07393 
2200 7.489 7.489 7.56101 7.70926 7.94382 8.38952 9.16285 
2400 8.34439 8.35352 8.43205 8.60192 8.90257 9.40998 10.2899 
2600 9.27339 9.28379 9.37242 9.56408 9.90317 10.4753 11.4668 
2800 10.2394 10.2512 10.3504 10.5649 10.9441 11.5838 12.6918 








Table C.6 Results of G1’s at different values of υs and Es  for Pasternak 
Es 
Pasternak (P),  G1 at different values of υs 
0.15 0.2 0.25 0.3 0.35 0.40 0.45 
100 1.9478 1.9478 1.95233 1.95688 1.97066 1.98934 2.0229 
200 3.89163 3.89163 3.9019 3.93303 3.97532 4.04049 4.16569 
400 7.81118 7.83687 7.86273 7.94136 8.07596 8.3301 8.72677 
600 11.8154 11.8154 11.8623 12.0536 12.3017 12.7748 13.5263 
800 15.8743 15.8743 15.9481 16.1738 16.6448 17.3174 18.5343 
1000 20.1035 20.1035 20.211 20.5406 21.1143 22.1021 23.7702 
1200 24.2982 24.2982 24.5927 24.8945 25.6823 26.8728 29.1928 
1400 28.511 28.7024 28.8963 29.2921 30.3309 31.9153 34.4891 
1600 33.2801 33.2801 33.5285 34.0365 35.1001 37.1307 40.1144 
1800 37.3786 37.3786 37.6825 38.6246 39.9565 41.7563 45.8906 
2000 42.15 42.15 42.523 43.2892 44.9075 47.5752 51.6632 
2200 47.0786 47.0786 47.5312 48.4632 49.9378 52.7396 57.601 
2400 51.5733 51.6297 52.1151 53.165 55.0232 58.1592 63.5976 
2600 56.3905 56.4537 56.9927 58.1582 60.2201 63.6989 69.7284 
2800 61.3012 61.3715 61.9658 63.2495 65.5201 69.3495 75.9833 
3000 66.1906 66.2683 66.918 68.3204 70.8 74.9807 82.2196 
 
Table C.7 υs and Corresponding Values of Equation Constants  for Pasternak 
 
Pasternak, K Pasternak, G1 
υs C1 C2 C3 C4 
0.15 3.77E-03 -6.76E-01 2.21E-02 -1.48E+00 
0.2 3.77E-03 -6.77E-01 2.21E-02 -1.48E+00 
0.25 3.81E-03 -6.91E-01 2.24E-02 -1.55E+00 
0.3 3.89E-03 -7.21E-01 2.29E-02 -1.69E+00 
0.35 4.04E-03 -7.66E-01 2.37E-02 -1.90E+00 
0.4 4.28E-03 -8.47E-01 2.52E-02 -2.27E+00 
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